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How to read this book? 


This volume contains the supplements for the translation presented in the first 
volume. The supplements aren’t made to be read alone. 


Indeed, Volume I contains an English translation of a VIIth Century Sanskrit 
commentary written by an astronomer called Bhaskara, and an extensive Intro- 
duction to the text. Because Bhaskara’s text alone is difficult to understand, I 
have added for each verse commentary a supplement which discusses the linguis- 
tic and mathematical matter exposed by the commentator. These supplements are 
gathered in the present volume (Volume IT), which also contains glossaries and the 
bibliography. The two volumes should be read simultaneously. 


Abbreviations and Symbols 


When referring to parts of the treatise, the Aryabhatiya, we will use the abbrevi- 
ation: ‘Ab’. A first number will indicate the chapter referred to, and a second the 
verse number; the letters ‘abcd’ refer to each quarter of the verse. For example, 
‘Ab. 2. 6. cd’ means the two last quarters of verse 6 in the second chapter of the 
Aryabhatiya. 


With the same numbering system, BAB refers to Bhaskara’s commentary. Mbh 
and Lbh, refer respectively to the Mahabhaskariya and the Laghubhaskartya, two 
treatise written by the commentator, Bhaskara. 


[| refer to the editor's additions; 
) indicates the translator's addition; 


( 
() provide elements given for the sake of clarity. This includes the transliteration 
of Sanskrit words. 


Supplements 


The first part of Bhaskara’s commentary on the mathemathematical chapter of 
the Aryabhatiya ( e.g. his introduction to the chapter and the two first verse com- 
mentaries) has not been given any supplements. However, explanatory footnotes 
with references to secondary literature have been provided with the translations. 


2 Supplements 


A BAB.2.3 


A.1 Arithmetical squaring and its geometrical interpretation 


In answer to an ambiguous objection!: 


ayatacaturasraksetradisu vargakarmano ’stitvat tesam 
asamacaturasrànam api vargasamjnaprasangah| 

(Objection) Because a square operation exists in rectangular fields, and 
so on, there is the possibility for the name ‘square’ to be (given to) fields 
which are not equi-quadrilaterals also. 


Bhaskara prescribes the construction of a square made by the diagonals of four 
rectangles”. This diagram, as seen in Figure 1, supposedly “shows” that the arith- 
metical squaring of the length of a diagonal corresponds to the area of a square. 


Figure 1: Bhaskara’s diagram 
a b 


Several difficulties arise concerning this objection and the following paragraph. 
First of all, the objection concerns the action of naming “square” (varga) fields 
that wouldn’t even be equilateral quadrilaterals. Bhaskara does not answer directly 
on this point?. 

Secondly, an expression used by Bhaskara when describing the construction of this 
field remains open to several interpretations. The description starts in this way?: 


samacaturasraksetram alikhya astadha vibhajya . . . 
When one has sketched an equi-quadrilateral field and divided (it) in 
eight ... 


l[Shukla 1976; p. 48, lines 9-10] 

?[Shukla 1976; p. 48, lines10-16] 

3We can notice, however, that even if he states before that the object samacaturagra (equi- 
quadrilateral) has the name varga (square), he in fact never uses the latter for a geometrical 
object. A varga in his commentary is always the result of the arithmetical operation of squaring. 

^[Shukla 1976; p. 48, line 10] 


A. BAB.2.3 3 
The question is then: how should one understand the expression 

*as/dtadha vibhajya" ? 

Implicitly, as can be seen in Figure 2, the editor considers that the square con- 


structed has sides that measure 8. 


Figure 2: Bhaskara’s diagram in Shukla’s edition 
SU ES 


qafa: 3 


The understanding of the expression astadha vibhajya (cut into eight) would then 
be that the rectangles are drawn by cutting into the sides of the squares. However 
the diagram that can be seen in our photographic copy of mss D, does not show 
such a square. This may be seen in Figure 3. 


Figure 3: Bhaskara’ S eu pte in a EE 


e adr i d CEET a 
D> ay 5 AI 5 ar pits 


lali ui E hy 
Ker "ess 
«S — 1148 UN 

~ E e |. 2 ere DN 
fu x urb! 5 * S50 22 


Another understanding of the expression could be to count the sub-surfaces, cut 
into the square whose sides measure 7, by the four rectangles and their diagonals. 
This is illustrated in Figure 4. 
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Figure 4: Counting sub-surfaces 


Indeed these cuts draw eight right-angle triangles. The square in the middle would 
be left out because it is not considered in Bhaskara’s reasoning. However, because 
one needs to omit the innermost square, this interpretation remains unsatisfactory. 


Finally, one can consider that once the square whose sides measure 7 is constructed, 
the four rectangles and their diagonals are drawn in eight strokes. These strokes 
are illustrated in Figure 5. 


None of these alternative interpretations prevents the expression from remaining 
quite enigmatic. 


Returning to the problems occurring in the paragraph at stake we can note that 
the meaning of the objection remains ambiguous. We do not know what is a 
‘vargakarman’ (square-operation): Is it the numerical squaring of any length? 


Certainly, Bhaskara’s goal is to discuss the geometrical meaning of the squaring of 
a length, as when previously he discussed the nature of the karant operation”. We 
believe that the expression vargakarman used in the objection does not concern 
the squaring of any length, but only that of a diagonal or hypotenuse (karna). 
Neither the questioner nor Bhaskara mentions the fact that this could be true for 
any length. 


Indeed, it is surprising that his answer to the objection does not concern the 
arithmetical square of the side of any geometrical figure. His first reply runs as 
follows: 


5See the introduction to the ganitapáda. 
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Figure 5: Counting strokes 


naisa dosah| tesv api yo vargah sa samacaturasraksetraphalam| 
This is not wrong. In these (fields) too, a square is the area of an equi- 
quadrilateral field. 


The demonstrative (tesu) refers to a list of fields given in the objection (rectangles, 
etc.). Bhaskara's drawing illustrates the squaring of the diagonals of a rectangle. 
He adds, referring certainly to a right-angle triangle: 


tribhuje ‘py etad eva darganam, ardhayatacaturasratvat tribhujasyal 
Just this exposition (dargana) (exists) in a trilateral (tribhuja) also, 
because a trilateral is half a rectangle. 


Even though this discussion does not concern directly the “Pythagoras Theorem”® 
it is closely related to it. 


Let us look at Figure 1 page 2 again. The area of the square in the middle can be 
seen as the square of the diagonal of the rectangle (c?). But we can also consider 
the area of the first drawn square. This is equal to the square of the sum of the two 
adjoining sides of the rectangle ((a + b)*). Now if we cut off the areas of the four 
triangles that corner this big square, we obtain once again the area of the square 
in the middle. The area of each triangle is half the area of one rectangle (4 x 2) 


2 
“because a trilateral is half a rectangle". So we then see that c? = (a+b)? — 2 x ab. 


SQuotation marks are used to indicate that the name is a convention with a story to it, and 
that we do not consider that Pythagoras is the real discoverer of this property of right-triangles. 
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From which the formulation of the “Pythagoras Theorem” (stated in Ab.2.17.ab), 
algebraically c? = a? + b?, may be deduced. 


Even though Bhaskara does not elaborate this reasoning, it is noteworthy that 
the diagram he describes can be used in a geometrical demonstration of the 
“Pythagoras Theorem". 


Figure 6: Ganesa’s ‘proof’ of the ‘Pythagoras Theorem’ 


One can note that the “Pythagoras Theorem” was known and used by the au- 
thors of the sulba-stitras, who considered it always in a rectangle. Ab.2.17.ab. as 
interpreted by Bhaskara, on the other hand, is almost systematically used in ref- 
erence to a right-angle triangle. Concerning such a type of field before the time of 
Bhaskara, Datta & Singh are of the opinion that it was known by Apastamba who 
used it in a proof of the “Pythagoras Theorem”’. However, no such field appears 
in any of these two authors’ works. Its existence is deduced by Datta & Singh 
through the fact that its properties are used by Apastamba and Baudhyana, in 
the procedure for enlarging squares. 


A similar type of field is known to have been presented for proofs or verifications 
of the “Pythagoras Theorem" after the time of Bhaskara I, by Bhaskara II? and 
by some of his commentators (namely Ganesa)?. But only the triangular part is 
considered with different lengths. This is illustrated in Figure 6. 


In this diagram, the area of the interior small square whose sides are equal to b— a 
(so the area is (b — a)?) is increased by the area of the four triangles whose sides 
are a and b (the area of each triangle is therefore uh ). This gives the area of the 
big square whose sides are the hypotenuse of the four triangles (in other words: 
c? = (a — b)? +4(%) = a? +d”). This last reasoning uses also the fact, mentioned 
by Bhaskara I, that ‘a trilateral is half a rectangle’. 


"[Datta&Singh 1980; p.134-135] 
[Jain 1995; p.57] 
9 [Srinivas 1990;p.39] 
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A.2 Squares and cubes of greater numbers 
A.2.1 Squaring 


Bhaskara quotes a rule (included in Shukla’s list of quotations from other works 
[Shukla 1976; Appendix V, p.347]) to square numbers with more than one digit. 


antyapadasya ca vargam krtva dvigunam tad eva cantyapadam| 

Sesapadair Ghanyad utsaryotsarya vargavidhau|| 

When one has made the square of the last term, one should multiply 
twice that very last term| 

(separately) by the remaining terms, shifting again and again, in the 
operation for squares || 


'The procedure is elliptic for we do not know how it was carried out practically. 
How were the successive computations set down? Where did the final square ap- 
pear? And some expressions are ambiguous. Indeed, the statement 'shifting again 
and again’ (utsarya utsarya) can have a double meaning. It may refer to the suc- 
cessive multiplications of the doubled last term with the following digits, or to 
the repetition of the process itself, considering one after the other the digits of 
the number to be squared. Even though we have considered, in the reconstruction 
of the procedure reflected in Table 1, that the shifting refers to the iteration of 
the process itself, it most probably should be understood as explaining both the 
iteration of the process and the iteration of the shifting. 


If the ambiguity and ellipticity make the verse difficult to read, one should not 
neglect the simplicity of the algorithm stated in such a way. Its core is pointed 
out; it is a succession of squarings and doublings. 


This is how, step by step, we reconstruct the squaring process (for a.10? -- b.104- c): 
Step 1 Squaring the last digit (a?.10^); 


Step 2 Computing the successive products of 2 times the last digit with the re- 
maining digits (2ab.10° and 2ac.10?); 


Step 3 Adding the successive products, according to their respective powers of 10 
to the partial square (a?.10+ + 2ab.10? + 2ac.10?); 


Step 4 Erasing the last digit, and “shifting”. Then starting the process again, until 
no more digits of the initial number are left. (Reiterating the process with 
the number b.10 + c, then c, considering each time the partial square found 
in Step 3). 


This hypothetical construction is illustrated in Table 1. Comparing it with other 
processes known in Sanskrit mathematical literature would have enabled us to 
justify the way we have presented it. For instance, as the process begins by squaring 
the last-term, we have inferred that this involved erasing the term that previously 
entered with that label into the process. 
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Table 1: Squaring: a heuristic presentation 


Rule 


Example: squaring 125 


Squaring a.10? + 5.10 + c 


‘When one has 
made the square 
of the last term’ 


1? is the square of 
the last digit. This is 
how one would have set 
down the number: 


a?.107 is computed 


*one should mul- 
tiply twice that 
very last term 
(separately) by 


2x2=4and2x5= 
10. When adding these 
numbers according to 
their respective powers 


(a.107)? + 2a107(6.10 + c) 


the remaining | of 10, the disposition 
terms’ obtained would be: 
1 2 5 
15-2 -— - 
‘Shifting again | Erasing the digit which | 5.10 + c is now the number to 
and again' previously started the | be squared 
computation: 
2 5 
Th 202 4 SS 


‘when one has 
made the square 
of the last term’ 


2? = 4 is the square of 
the last term. When 
adding this quantity 
according to its power 
of 10 to the partial 


square found, the 
disposition obtained 
would be: 

2 5 


154 - — 


(a.107)? + 2a107(6.10 + c) + 
(b.10)? 


. BAB.2.3 


‘one should mul- 
tiply twice that 
very last term 
(separately) by 


(2x 2) x 5 = 20 is com- 
puted. When adding 
these values according 
to the respective deci- 


(a.107)? + 2a107(6.10 + c) + 
(b.10)? + 2b10.c 


the remaining | mal places, and placing 
terms’ them: 
2 5 
15 4 - - 
+2 0 - 
15 6 0 - 
‘Shifting again | When erasing the 
and again’ digit which previ- 
ously started the 
computation: 
5 
1 560 - 


‘when one has 
made the square 
of the last term’ 


5? = 25. When adding 
this value to the partial 
square found according 
to its power of ten, and 
placing it: 


5 
15625 


(a.107)? + 2a107(6.10 + c) + 
(b10)? + 2610.c + c? 


The process ends here 
as there are no more 
digits. The square ob- 
tained is: 15625 


(a.10? + 5.10 + c)? 
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A.2.2 Cubing 


No extensive rule for cubing is given by Bhaskara in his commentary to the latter 
part of Ab.2.3. Cubing appears in the text as a natural extension of squaring. He 
quotes the beginning of a verse that recalls the structure of the verse he gave for 
the squaring of numbers: 


atrapi yesam "antyapadasya ghanam syat” ityadi laksanasütram, tesam 
ekadinam ghanasankhya vaktavya 

In this case also, the cube-numbers of those (digits) beginning with 1 
are to be recited (by those) whose rule which is a characterization is 
‘the cube of the last place should be, etc.’. 


We can, however, infer the successive steps of the procedure involved, some of 
which may have seemed to the practitioners part of the natural process of com- 
puting (cubing a.10 + b): 


Step 1 Cubing the last digit (a3.10°); 


Step 2 Computing the successive products of 3 times the square of the last digit 
with the remaining digits (3a7b.107); and adding the successive products, 
according to their respective powers of 10, to the partial cube (a?.10? + 
3ab.107). 


Step 3 Computing the successive products of 3 times the last digit with the squares 
of the remaining digits (3ab710); and adding the successive products, accord- 
ing to their respective powers of 3, to the partial cube (a?.10? + 3a7b.10? + 
3ab?10). 


Step 4 Erasing the last digit, and "shifting". Then starting the process again, until 
no more digits of the initial number are left. The partial cube considered being 
the one found in Step 3. 

'This hypothetical computation is illustrated in Table 2. 


Table 2: Cubing 63 


Hypothetical rule The cubing of 63 The cubing of a.10 + b 
cube the last digit 6° = 216. The disposition | (a.10)? 
would be: 
6 3 
216-- - 
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Table 2: Cubing 63 
Considering the suc- | As 3 x 6? x 3 = 324, the | (a.10)? + 3a7107.b 
cessive product of | disposition would be: 
3times the square of 
the last digit with 6 3 
the remaining digits Dod dis qum estis 
32 4 — — 
Adding according to the 
respective decimal places 
of each digit: 
6 3 
248 4 - — 
Computing succes- | As 3 x 6 x 3? = 162, the | (a.10)? + 3a7107.b + 
sively the product of | disposition would be: 3a10.b? 
3 times the last digit 
with the square of 6 3 
the following digits 2h 8 AS = 
162 - 


Adding according to the 
respective decimal places 
of each digit: 


6 3 
25 002 — 


Erasing the last digit 


25 002 — 


Considering that the num- 
ber to cube is b. 
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Table 2: Cubing 63 
Cubing the next | As 3? = 27, the disposi- | a?.10® + 3a7107.b + 
digit tion would be: 3a10.0? + b? 
3 
25002 — 
2 7 
Adding according to the 
respective places of each 
digit: 
3 
25004 7 
As there are no more 
digits the process | 250047 (a.10 + b)’ 


ends here. The cube 
found is therefore: 


A.3 Squaring and cubing with fractions 


The number a+? is noted in this edition of Bhāskara’s commentary in the following 


This is what is called in this part of the text ‘a fraction’ (bhinna). 


The computation of the square of fractions is described here in two sequences. 


Firstly: 


bhinnavargo "py evam eval kintu sadrsikrtayos chedamsarasyoh prthak 
prthag vargam krtva chedarasivargenamáarasivargasya bhagalabdham 


bhinnavargah| 


The square of fractions is also just like this. However, when one has made 
separately the squares of the numerator and denominator quantities, 
that were made into the same kind, the result of the division of the 
square of the numerator quantity by the denominator quantity is the 
square of the fraction. 


10One should keep in my mind that this is the way manuscripts note fractions. Moreover, the 
notations adopted in manuscripts may have been different from those used by Bhaskara, more 


than 1000 years earlier. 
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Secondly: 


chedagunam saémgam iti 
‘(the whole number) having the denominator for multiplior increased 
by the numerator’ 


Probably the expression used in the first sequence: ‘...(the numerator and de- 
nominator) are made into a same kind’, refers to the operation described in the 
second sequence. This operation transforms the fractionary number given in the 
problem into a fraction with just a denominator and a numerator. Indeed, if we 
consider simultaneously the general notations we have adopted and the quantity 
(6 + 4) treated in detail by Bhaskara in Example 2, we can infer the following 


computation!!: 


a|6 
bj} 1 
c4 
becomes (‘(the whole number) having the denominator for multiplior’) 
ac | (6 x 4) 
b 1 
4 


‘increased by the numerator’ 


ac+b | (6x4)+1 
c 4 


If we follow then, the first sequence for squaring fractions: E 


'The numerator is then divided by the denominator: 


(ac + b)? = q. +r | 625 239 x 16 +1 


q | 39 

The result obtained is noted as a fractionary number: r | 1 
2 

c^ | 16 


No rule is given concerning a whole number decreased by a part, however such a 
fraction appears in Example 2. 


The cubing of fractions is, as is the case for the cubing of whole numbers, referred 
to briefly as a mere extension of the process for squaring fractions. Please see Table 
3 for how we guess this was carried out. 


llWe do not know how the intermediary steps were presented, this whole presentation is 
therefore arbitrary. 
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Table 3: Cubing a fraction 
Example 4 of BAB.2.3.cd is stated as follows: 


satpancadasastanam tdavadbhagair | vihinaganitanam| ghanasankhyam vada 
vigadam yadi ghanaganite matir visada|| 

4. Say, clearly, the cube-number of six, five, ten and eight that are computed 
as decreased by their respective parts| 

If (you have) a clear knowledge in cube-computations|| 


The fractions considered in the text are, for us, of the following form: 


6-5 =5+Ž 
5-2 =44+ $ 
10- 1-943 
8-3 =T+ 


This set of numbers, which is equal in value to the one above, is set down: 
5 4 9 7 
5 4 9 7 
6 5 10 8 
Let us consider the process involved in the cubing of the last fraction of this 
7 
example: 7 
8 
This column of numbers, representing the number 7 + Z, should be first trans- 
formed 
into a form with numerator and denominator only. 
ee 6 
That is into 8 
Then, the cubes of the numerator and denominator are made separately. 
The hypothetical steps followed for cubing 63 (the result found is 250047) are 


illustrated in Table 2.The cube of 8 (512) is given in the resolution of Example 
3 of BAB.2.3.cd. 
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Table 3: Cubing a fraction 


Dividing the cube of the numerator by the cube of the denominator: 


250047 = 488 + E which corresponds to the last column set down as a result: 
488 
191 . 


512 


B BAB.2.4-5 


B.1 Extracting square-roots 
B.1.1 Square and non-square places 


'The procedure of square root extraction rests upon a categorization of the places 
of the decimal place-value system (defined in AB.2.2). Aryabhata distinguishes 
square (varga) and non-square (a-varga) places. A square place is one which stands 
for an even power of ten (e.g. 109, 102, 104,...). A non-square place stands for a 
power of ten which is not a square (e.g. 101, 10?, 105,. . . ). 


Bhaskara substitutes for it his own categorization. He considers the places where 
the digits forming the number whose root is to be extracted are to be noted. He 
counts them from right to left, distinguishing between places associated to an even 
number and places associated to an odd number. The place for the digit whose 
power of ten is 10? is the first to be counted, therefore the so-called “square” places 
are found for all odd numbers of places, and the so-called ^non-square" places for 
all even numbers of places. This is for instance how both categorize the places 
associated to 625 (whose square-root is extracted in Example 1 of BAB.2.4 and 
whose extraction is illustrated in Table 4!?: 


odd(3) pair(2) odd(1) 
10? 10! 10° 


6 2 5 


B.1.2 The procedure 


The detail of the procedure and how precisely it was carried out is not known to us. 
A heuristic reconstruction is given in Table 4. In the following, we will consider 


12 For a brief analysis of the way the rule is composed see the Introduction in Volume I section 
2.3. 
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all even numbers of places. This is for instance how both categorize the places 
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whose extraction is illustrated in Table 4!?: 


odd(3) pair(2) odd(1) 
10? 10! 10° 


6 2 5 


B.1.2 The procedure 


The detail of the procedure and how precisely it was carried out is not known to us. 
A heuristic reconstruction is given in Table 4. In the following, we will consider 


12 For a brief analysis of the way the rule is composed see the Introduction in Volume I section 
2.3. 
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that the digits forming a number are ordered from left to right: the first digit 
being the one standing in the highest place. The steps that we have reconstructed 
— some of which may have seemed so natural that it wasn’t deemed necessary to 
state them — may be summed up as follows: 


Step 1 Probably by trial and error, find the biggest square (a?) smaller than the 
first digit. (Or the biggest square smaller than a two digit number, if the last 
digit does not fall on a place standing for a square power of ten). 


Step 2 Subtract it from the last digit, and substitute the difference in place of 
the former digit. The square-root of this square (a) is the last digit of the 
square-root sought. 


Step 3 Considering the next place to the right, divide the number formed by 
considering all the digits to the left of that place (that place included) by 
twice the partial square-root obtained. 


Step 4 Replace the dividend by the remainder of the division. The quotient is 
considered here to be the next digit of the square-root sought. In fact it is 
either the quotient or the quotient increased by 1, which is the next digit of 
the square-root to be extracted. Bhaskara never goes into the detail of his 
root extractions, therefore we do not know if he was aware of such a step. 


Step 5 Considering the next place to the right, subtract from the number formed 
by all the digits to the left of that place (that place included) the square of 
the quotient. Replace that number by the difference. Re-iterate the process 
starting from Step 3. The process ends when one cannot shift to the right 
anymore. 


Among the steps that are neither mentioned by Aryabhata nor by Bhàskara, we 
can list: 


e The way the square-root of the first digit (or two-digit number when the last 
digit of the number whose root is to be extracted falls in a non-square place) 
is found is not mentioned. 


We can note here that both Aryabhata and Bhaskara, by not indicating how 
the procedure starts, seem to emphasis its iterative quality. 


e The place where the successive digits of the square-root extracted are placed 
is not mentioned. Later authors have indicated that they should be noted on 
a separate line. Bhaskara may be referring to such a line when he comments 
on the compound stanantare (in a different place) used in Ab.2.4: 


sthanad anyasthanam sthanantaram, tasmin sthanantare tasya lab- 
dhasya mülasamjna| yatra punah sthanantaram eva na vidyate, 
tatra tasya tatraiva mülasamjria| 

A place other than the (given) place is a different place ; in this 
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different place, the quotient has the name root. When, however, 
a different place precisely does not exist, then that (quotient) has 
the name root in that very place (where it was obtained). 


There are two ways of understanding this sentence: it may refer to the shifting 
to a different place in the decimal place value notation used to set down the 
digits. It may also here indicate a separate space on the working surface where 
the digits of the square-root extracted appear progressively as the process 
follows its way. The sybillin last sentence of this paragraph, in both cases, 
refers to the way the process ends. If it concerns the space where the digits of 
the square-root extracted appear, it may mean that in the case of a square- 
root found at once (as for digits or two digit numbers) no separate space is 
needed. Among the other steps not specified by Aryabhata or Bhaskara we 
can note: 


When the division is performed, the remainder replaces the digits that for- 
merly entered the division as dividend. This may have been a regular feature 
of the division procedure!?. 


The way that the intermediary operations of placing the remainder, the result 
of the subtraction etc, are noted and how they interplay with their respective 
powers of ten is not indicated either. This may also have been a feature of 
computation considered as self-evident. 


Table 4: Extracting the square-root of a three digit number 


Aryabhata’s rule Example: extracting the | Extracting the square- 


square root of 625 root of A = (a.10 + b)? 


When subtracting | The biggest square smaller | A — a?.10? is com- 
the square from the | than 6, which is the digit in | puted. a.10 is the 
square (place) the “highest square place", is | partial square-root 


4. So that 2 is the first digit | extracted. 
of the square-root to be ex- 
tracted. This is how the num- 
ber may have been set down: 


U QU v 
6 2 5 
a 
2 2 5 


13See for instance [Datta&Singh 1938; p.152] 


18 


Supplements 


Table 4: Extracting the square-root of a three digit number 


Aryabhata’s rule 


Example: extracting the 


square root of 625 


Extracting the square- 
root of A = (a.10 +b)? 


One should divide, 
constantly, the non- 
square (place) by 
twice the square- 
root. 


22 is considered to be in the 
‘non-square’ place. Twice the 
partial square root is 2 x 2 = 
4. One performs the following 
division: 

22 2 

77 5+ T 
5 is the quotient, it is the sec- 
ond digit of the square-root 
to be extracted. The partial 
square-root is, at this point: 
25. The remainder of the di- 
vision of 22 by 5 is set down 
in the place of the previously 
written digits: 


Qu "vU 


2 5 


b is computed as the 
quotient of the division 
of the two higher dig- 
its by a?. Then A — 
a?.10? — 2ablO is set 
down. a.10 4- b is the 
partial square-root ex- 
tracted. 


The quotient is the 
root in the next 
place. When sub- 
tracting the square 
from the square 


The quotient is 5. The next 
place being a square-place, 
one subtracts the square of 5. 


av v 
2 5 
—52 
0 


A — a2.10? — 2ab10 — b? 


is computed. 


The 
found is 


square-root 


25 


a.l0+6 


B.2 Extracting cube-roots 
B.2.1 Cube and non-cube places 


As for square-root extraction, the cube root extraction procedure uses a catego- 
rization of the places of the decimal place-value system: there are cube (ghana) 
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and non-cube (aghana) places. They form an ordered set. Aryabhata’s rule refers 
to a first and a second non-cube place. In BAB.2.5., Bhaskara glosses as well: 


atra ganite ghana ekah, dvavaghanau| 
In this computation, there is one cube, two non-cube (places). 


These names correspond to the respective power of tens of the places: a cube 
place is a place whose power of ten is a multiple of three (e.g. 10°, 10?, 10°, ...); 
a non-cube place is a place whose power of ten is not a multiple of three (e.g. 
101, 102, 104, ...). The place for 10? is considered to be a cube place. The second 
non-cube place is the second from the right in the sub-triplet of the ordered set 
made of (a cube place, a non-cube place, a non-cube place). 


This categorization is illustrated with the number 1728 (whose cube-root is ex- 
tracted in Example 1 of BAB.2.5 and whose extraction is shown in Table 5): 


10? 10? 10! 10? 
g a-g a-g g 
1 7 2 8 


B.2.2 The procedure 


We do not know precisely how each step of the procedure was carried out. We have 
presented heuristically a reconstruction of the procedure in Table 5, although this 
would need to be justified and be compared with other procedures known to us 
from the Sanskrit tradition. In this reconstruction, the digits of the number whose 
cube-root is considered are considered from left to right. The first digit is therefore 
the one which stands for the multiple of the highest power of ten. 


Step 1 Find, probably by trial and error, the biggest cube smaller than the first 
digit. (Or smaller than a two-digit/three digit-number if the first digit of the 
number whose root is extracted does not fall on a place whose power of ten 
is a cube.) 


Step 2 Subtract the cube from the first digit (or from the two-digit /three-digit 
number). Replace the digit (resp. two-digit/three-digit number) by the dif- 
ference. The cube-root of the subtractor is the first digit of the cube-root 
sought. 


Step 3 Shift by one place to the right. Compute the product of three times the 
square of the partial cube-root obtained. Divide the number obtained by 
considering all the digits to the left of this place (this place included) with 
the previous product. Erase the number and replace it with the remainder 
of the division. The quotient is considered to be the next digit of the cube- 
root sought. In fact once again, this may not be exactly the right digit and 
one may have to increase by one or by two so that the computation remains 
correct. However we do not know if this step was carried out in such a way. 
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Step 4 Considering the next place to the right, compute the product of three times 
the square of the quotient with the partial cube-root obtained before Step 3. 
Subtract from the number obtained by considering all the digits to the left 
of that place (that place included) the product. Replace that number with 
the difference obtained. 


Step 5 Shift by one place to the right. Subtract from the number obtained by 
considering all the digits to the left of this place (this place included) the 
cube of the quotient obtained in Step 3. Reiterate the process starting with 
Step 3. The process ends when one cannot shift to the right anymore. 


Among the steps that are neither mentioned by Aryabhata nor by Bhaskara, we 
can list: 


e The way the cube-root of the first digit (or two/three-digit number when the 
last digit of the number whose root is to be extracted falls in a non-cube 
place) is found is not given by either of the two authors. This step involves 
finding the greatest cube smaller than that digit (or two/three-digit number). 


Once again, this may be a way of emphasizing the iterative quality of the 
procedure. 


e The space where the successive digits of the cube-root extracted are placed is 
not referred to. Later authors have indicated that they should be noted on a 
separate line. If this was suggested elliptically in the commentary to Ab.2.4., 
it may then be assumed here. 


e We include in this list an elliptic formulation: 


The square of (the quotient) multiplied by three and the former 
(quantity) should be subtracted from the first (non-cube place) 


Though nowhere explained the “former (quantity)” is the partial cube-root 
obtained, before the computation of the quotient (the quotient obtained be- 
fore Step 3 in our presentation). 


e The fact is that when the division is performed, the remainder replaces the 
digits that formerly entered the division as dividend. As in the process de- 
scribed in BAB.2.4., this may be a regular feature of the division procedure. 


e The way that the intermediary operations of placing the remainder, the result 
of the subtraction etc, are noted and how they interplay with their respective 
powers of ten is not indicated. This may also be a feature of the computation, 
considered as so usual that it was not thought to have to be described. 
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Table 5: An example of the procedure for extracting the cube-root 


Aryabhata's rule 


Example: extracting the 


cube-root of 1728 


Extracting the cube- 
root of A = (a.10 + b)? 


‘And the cube 
(should be 
subtracted) from 


the cube place’ 


The digit in the “cube place” 
is 1, the highest cube smaller 
than 1 is 13, it is subtracted in 
the cube placed, and replaced 
by the result: 


g a-g a-g g 
p ow 2 8 
1 

0 7 2 8 


1 is the first digit of the 
partial cube-root extracted. 


A — (a.10)? is com- 
puted. a.10 is the first 
digit of the cube-root 
extracted. 


One should divide 
the second  non- 
cube place by three 
times the square 
of the root of the 
cube 


The digit in the second non- 
cube place is 7. T'he square of 
the root of the former cube is 
12 

7 

~=2x341 

3 + 


The remainder of the division 
of 7 by 3 replaces the digit of 
the “second non-cube place”: 


g a-g a-g g 
T 2 8 
1 2 8 


12 is the partial cube-root ex- 
tracted. 


b is found as the quo- 
tient of the division of 
the digit of the sec- 
ond non-cube place by 
3a?. A — [(a.10)? — 
3a?10?.b)]is computed. 
a.10 4- b is the partial 
cube-root extracted. 
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Table 5: An example of the procedure for extracting the cube-root 


Aryabhata’s rule 


Example: extracting the 


cube-root of 1728 


Extracting the cube- 
root of A = (a.10 + b)? 


The square of 
(the quotient) 
multiplied by 3 
and the former 
(quantity) should 
be subtracted from 
the first (non-cube 
place) 


The “former quantity” con- 
sidered here is the first digit 
of the cube-root found: 1, the 
quotient of the division of 7 
by 3 is 2x3 x 2? x1 219, 

This is subtracted: 
g a-g a-g 

1 2 

—1 2 


| ooa 


o0 


A -—  [(a.10)3 
3a7107.b — 3a.10.02)] is 
computed. 


and the cube from 
the cube (place) 


The digit in the cube-place is 
8. The cube of the quotient is 
25. 


g a-g a-g g 


—93 
0 


The process ends here as 
there are no more digits. The 
cube-root extracted is 12. 


A = [(a10) — 
3a7107.b — 3a.10.b7) — 
b3] is computed. The 
cube-root extracted is 
a.10 +b 


C BAB.2.6 


C.1 Area of a triangle 


Aryabhata’s rule, according to Bhaskara’s interpretation!^ concerns a general case: 


Ab.2.6.ab. The bulk of the area of a trilateral is the product of half the 
base and the perpendicular| 


This can be understood as follows: 


Because Aryabhata uses the compound samadalakoti or “halving upright", probably this 
rule was intended originally only for equilaterals and isosceles. 
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Aryabhata’s rule, according to Bhaskara’s interpretation!^ concerns a general case: 


Ab.2.6.ab. The bulk of the area of a trilateral is the product of half the 
base and the perpendicular| 


This can be understood as follows: 


Because Aryabhata uses the compound samadalakoti or “halving upright", probably this 
rule was intended originally only for equilaterals and isosceles. 
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Figure 7: Equilateral and isoceles triangles 


E 
E 


As illustrated in Figure 8, let M NO be a triangle. If M D is the height issued from 
M and falling on the base NO, then the area A of M NO will be 


A- T x MD. 


C.1.1 Emquilaterals and isosceles triangles 


Bhaskara gives in his commentary to Example 1 of Ab.2.6.ab a property of equi- 
lateral triangles: 


samatryasriksetre samaivavalambakasthitth iti 
‘In an equi(lateral) trilateral field the location of the perpendicular is 
precisely equal.’ 


In other words, in an equilateral triangle any height sections the corresponding 
base into two equal segments. 


This is also stated for isosceles triangles: 


dvisamatryasriksetrasyapi ‘samaivavalambakasthitih’ iti 
For an isosceles trilateral also, ‘the location of the perpendicular is pre- 
cisely equal.’ 


This property is used along with Ab.2.17 which states the so-called ‘Pythagoras 
Theorem’ to justify the following procedure: 


Problem Knowing the length of the sides of an equilateral or isosceles triangle, 
find its area. Let EFG be such an equilateral triangle illustrated in Figure 
7, which also shows an isoceles triangle. 
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Step 1 Compute the length of any height in the case of an equilateral, issued from 
the vertex in the case of an isosceles triangle. 


Using the property stated above, if EK is the perpendicular issued from D 


onto F'G, we know that 
EF 


Bhaskara specifies when quoting Ab.2.17: 
‘yas ca eva bhujavargah kotivargaá ca karnavargah sa [Ab.2.17] iti 
bujakotyor vargau karnavargah| tena bhujavarge karnavargaàc chud- 
dhe Sesam samadalakotivargah 


‘That which is the square of the base and the square of the height 
is the square of the hypotenuse’. 

Therefore, the square of the hypotenuse is (produced with) the 
squares of both the base and the height. Hence, when the square 
of the base is subtracted from the square of the hypotenuse, the 
remainder is the square of the perpendicular. . .. 


In other words 
EK? = EF? — FK? = EG? — KG’. 


Step 2 In the cases observed, the square found for the length of the perpendicular 
is not perfect — i.e, its square root cannot be extracted without an approxi- 
mation. Therefore, the length of half the base is squared so that it can enter 
the rule given by Aryabhata. In other words a is computed. 


Step 3 The rule given in the verse is applied: 


Ji ER XOT gypa | PPS 
4 4 


'The square-root expression is written here to recall the double meaning that 
the word karan? may take here. 


C.1.2 Uneven triangles 
Bhaskara uses the following property of the lengths of any triangle: 


bhujayor vargavisesah tayor và samasavisesabhyasah 

tribhujaksetre abadhantarasamasavisesabhyasbhavati 

In a trilateral field the difference of the squares of the two sides, or the 
product of the sum and the difference of the two, is the product of the 
sum and the difference of (its) different sections of the base. 
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Figure 8: Any triangle 
M 


In other words: 
Let MNO be any triangle such as is illustrated in Figure 8, let M D be a height. 
The sections of the base are the two segments ND and DO for the sides MN and 


MO. The first sentence of this paragraph may be translated in our algebraical 
language as 


MN? — MO? = (MN + MO(MN — MO) = (ND + DO(ND — DO) 


The last equality, which may also be stated as MN? — MO? = ND? — DO’, is 
easily derived from the “Pythagoras Theorem". 


Bhaskarra then writes: 
bhimya abadhantarasamasapramanaya vibhajya labdham bhümav eva 
samkramanam| 
When one has divided by the base whose size is the sum of (its) different 
sections, a samkramana is (applied) to the same base together with the 
quotient. 


Dividing the above equalities by the base: 


MN?-MO? (ND-4DO)(ND - DO) 


NO NO 
Since the base is the sum of its segments, NO — ND -- DO, then 
MN? — MO? 
— —— = ND - DO. 
NO 


In the samkramana operation, stated in Ab.2.24, this quantity is considered under 
the name “quotient” (labdha): 
MN? — MO? 


uet c SAND SDO; 
£ NO O 
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It is used along with the size of the base, NO = ND+ DO, which is the quantity 
that is ‘increased or decreased’. The samkramana operation can be understood, 
then, as the computation of the two following quantities: 


_NO+2 
ae 
and 
NO-« 
v= : 
2 
One can easily check that 
u= ND 
and 
v — DO. 


With either one of these different segments of the base, it is understood that one 
can follow the method described above for equilateral and isosceles triangles to 
reckon the perpendicular's length, and from there compute the area of the triangle. 


The different steps of the procedure to be followed are therefore: 


Problem Knowing the lengths of the sides of triangle M NO, find the area. 
Step 1 Compute 


MN?— MO? 
r = ———————,., 
NO 
Step 2 Use a samkramana in order to find the lengths of the two different sections 
of the base: 
NO 
AUTE LND, 
2 
NO — 
MEM = DO. 


Step 3 Find the length of the perpendicular by either one of the following com- 
putations: 
AD? = MN? - MD? = NO? — DO’. 


Step 4 The area is 


yaa MDE INO” (2 | MD? XNO? 
4 4 
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Figure 9: An equilateral pyramid with a triangular base 
A 


C.2 Volume of a pyramid 
C.2.1 General rule 


The rule given by Aryabhata, in the second half of verse 6, is interpreted by 
Bhaskara as giving the volume of a triangular based equilateral pyramid. We may 
relate the relation given here as follows: 


Given an ABCD pyramid, illustrated in Figure 9, AH is the perpendicular issued 
from A onto the triangle BDC. If the area of BDC is A, then the volume Y of 
ABDC is 


V=5Ax AH. 


'This formula for the volume of a pyramid is incorrect. 


The correct formula is 1 


Although we do not know why and how Aryabhata derived this wrong relation, 
we can make the following hypothesis: the solid equilateral is probably seen as 
deriving geometrically from the area by the same process that derives from two 
lines a surface. This continuity between the two-dimensional field and the three- 
dimensional field may be the key to the relation given here. As Ab.2.6ab. derives 
the area of an equilateral triangle by the product of half the base and the height, 
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the volume of the pyramid seems to be derived by half its base (which is here the 
area of an equilateral triangle) and its height. 


C.2.2 A $rhgataka 
Bhaskara gives the following description and explanation!?: 


ürdhvabhuja hi nama ksetramadhye ucchraya iti pratyaksam| sa ca tirya- 
gavasthitasya srngatakaksetrabahoh karnavadavasthitasya kotih| bhuja 
karnamilaksetrakendrantaralam 


It is obvious (pratyaksa) that the so-called “upward-side” is a height in 
the middle of the field. And that is the upright-side (kot) for the side of 
a §rngataka field which is located obliquely as an ear, (while) the base 
is the intermediate space in between the root of the ear and the center 
of the field. 


Let ABCD be an equilateral triangular based pyramid as represented in Figure 
10. Let AH be the height issued from A and falling onto the triangle BCD. 


Figure 10: A Srhgataka 
A 


D 


AC is what is called the ear (karna), it is also the hypotenuse of AHC. AH is 
what is called the upward-side (ürdhvabhuja) of the srrigataka. It is defined at the 
beginning of the commentary of this half-verse: 


I5[Shukla 1976; p.48, lines 8-10] 
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urdhvabhuja ksetramadhye ucchraya 
The upward side is a height in the middle of the field. 


And this sentence is recalled at the beginning of the text quoted above. 


sa ca tiryagavasthitasya srigatakaksetrabahoh karnavadavasthitasya kotih'® 
and that is the upright-side for the side of a srrigataka field which is lo- 
cated obliquely as an ear.... 


CH, in the above quoted text, is called the base (bhuja). 


In the resolution of Example 1, Bhaskara writes: 


labdho ’ntahkarnah [karanyah] 48| ayam eva karnah 

ürdhvam avasthitatribhuja[ksetrasya bhuja]| 

The inner ear obtained is 48 [karanis]. This very ear is the [base] of the 
trilateral [field] located upwards. 


So that here CH is referred to both as an inner-ear (antahkarna) — that is as the 
hypotenuse of C B'H — and as the base of the right-angle triangle AH C. The word 
base has been added in brackets by the editor as all manuscripts, except one, omit 
this word. 


'The first text quoted in this section is the part of the commentary where the word 
srngataka appears for the first time. Because it is used in examples to refer to 
the pyramid itself, we understand it as the name of an equilateral pyramid with 
a triangular base with a perpendicular issued from one top to the center of the 
triangular base. 


C.2.3 A Rule of Three 


The computation of CH, from which the upright side AH may be computed, rests 
upon the proportional properties of similar triangles. 


Bhaskara states such properties by formulating them through a Rule of Three: 


tadanayane trairasikam- yadi tribhujaksetravalambakena 
tribhujaksetrabahur labhyate tadà tasyaiva 
tribhujaksetrabahudalasankhyakasyavalambakasya 

kiyan bahur iti 

When computing that (base), a Rule of Three: ‘If the side of a trilateral 
field is obtained with the perpendicular of that very trilateral field, 
then for the perpendicular whose amount is half the side of the (initial) 
trilateral field, how much is the side?’ 


This can be understood as follows, as illustrated in Fig 11, next page. 


16Two manuscrits read koti. However it is also the upright-side (koti) of the right-angle triangle 
(AHC), which would be in accordance with the regular use of the word. 
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Figure 11: Rule of Three 


The triangles BB’C and B'CH are similar: 
BB':CB=CB':CH. 


So that in other words 
/ 
CH= CBxCB l 
BB' 
Because BDC is an equilateral field, CB’ = CB. CB’ is thus ‘the perpendicular 
whose value is half the the side of (initial) trilateral’. 


If the lengths considered are karanis, the square of such an equality is considered. 


C.2.4 The procedure followed 


Problem Knowing the side of an equilateral triangular based pyramid ABC D, 
find its volume. 


Step 1 If AH is the perpendicular issued from A onto BC D, then with a Rule of 

Three we know that 

1 
CH= CB x CB l 

BB' 
If CB is a karani, in which case BB’ may be one, the following computation 
is in fact carried out: 
CB? x CB”? 


2 
CH* = BB? 
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Step 2 Then we use Ab.2.17ab, from which we know that: 


karnakrteh bhujavargavisesah urdhvabhujavargah 
'The difference of the square of the base and the square of the 
hypotenuse is the square of the upright side. 


So that 


AH? = AC? — CH?. 


Step 3 Then according to the rule given by Aryabhata here, as Bhaskara specifies: 


ardhamityatra karanitvad dvayoh karanibhiscaturbhirbhago hriyate| 
Since (the rule uses the expression) “half” , because two are karanis, 
one should divide by four karanis. 


y? = m x AH? & vy? = 14 x AH?. 
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D.1 Area of a circle 
D.1.1 The general rule 
Aryabhata gives the following rule: 


samaparinühasyardham viskambhardhahatam eva vrttaphalam| 


Ab.2.7.ab. Half of the even circumference multiplied by the semi-diameter, 
only, is the area of the circle| 


In other words, for a circle of circumference C and diameter D, the area A is 
according to this definition: 


D.1.2 Procedure used in examples 


Problem Knowing the diameter D of a circle, find its area A. 


Step 1 Using the values given in Ab.2.10, and a Rule of Three, find the (approxi- 
mate) circumference C of the circle. 


Ab.2.10 states that a circle of diameter 20 000 has a circumference of 62832. 
Bhaskara indicates: 
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...tratrasikena vaksyamanaviskambhaparidhi 
pramanaphalabhyam... 


...by means of a Rule of Three, with as measure and fruit (quantities), 
the diameter and the circumference to be told [in Ab.2.10]... 


setting down a Rule of Three as described in BAB.2.26: 


The measure quantity The fruit quantity The desire quantity 
20 000 62832 D 


Then the fruit of the desire, the circumference (C) is 
c= D x 62832 
.... 20000 


The result obtained, if it is not integer, is in the form of an integer with a 
fractional part (see the procedure described in the Annex on BAB.2.3). 


Step 2 Having thus the diameter and the circumference, one can then compute 
the area according to Aryabhata's rule: 


A=-—x 


C D 
2 2 


The result obtained is an approximation, as Aryabhata states that the ratio given 
in verse 10 is one. Bhaskara does not stress this point here, on the contrary, he 
insists, rightly, that the procedure, given in all its generality, is accurate. 

D.2 Volume of a sphere 

D.2.1 General rule 


Aryabhata gives the following rule: 


tannijamülena hatam ghanagolaphalam niravasesam|| 


Ab.2.7.cd. That multiplied by its own root is the volume of the circular 
solid without remainder. 


In other words, for a sphere whose volume is Y, whose diametral subsection has 
an area A, the volume would be 


V=Ax VA. 


Bhaskara reinterprets the rule as follows, because in most cases the square-root of 
the area cannot be obtained exactly: 
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tat punah ksetraphalam mulakriyamanam 

karanitvam pratipadyate yasmat karaninàm müla[mapeksitam]| 
tatahpunar api karaninam akaranibhih samvargo nastiti 
ksetraphalam karanyate| evam ayam artho "rthad avasiyate 
ksetraphalavargah ksetraphalena gunita iti| 


On the other hand, that area becomes a karant when being made into a 
root (mülakriyamaàna), because a root is [required] of a square (karani). 
However, also, as there is no product of a karan? by a non-karani, the 
area of the field is made into a karani/the area of the field is squared 
(karanyate). Consequently, the following meaning is understood in fact: 
the square (varga) of the area of the field is multiplied by the area of 
the field. 


Following Bhaskara’s interpretation, with the same notation as before, this is the 
computation to be used: 


YV? =A? x A. 


Bhaskara discusses another rule, dismissed as “practical” (vyavaharika): 


vyasardhaghanam bhittva 
navagunitam ayogudasya ghanaganitam| 


When one has halved the cube of half the diameter and multiplied 
by nine, the computation of the volume (ghanaganita) of the sphere 
(ayoguda lit. iron ball) (is obtained) | 


In other words, for a sphere whose volume is Y, whose diameter is D, the ‘practical’ 
volume would be 

gis 9x (2) 

2 

This relation given by Aryabhata for the volume of a sphere is incorrect, as well 
as the one quoted by Bhaskara. The correct rule is, if the diameter of the sphere 
is D=2R: 

4 2 

ae 
We do not know how this rule was derived, nor why this specific wrong relation 
was considered. As in the case of an equilateral triangular based pyramid, it may 
have been linked to the conception of the geometrical derivation of the solid from 
the surface: that of the “product” of a height on the disk. 


34 Supplements 


D.3 Procedure followed in examples 


Problem Knowing the diameter D of a sphere, compute its volume. 


Step 1 Compute the area, A of the diametral section, according to the procedure 
described above. 


Step 2 If the area is a perfect square, compute 
V=Ax VA. 


If not, compute 


y? = A? x A. 


If the quantities obtained are not integers, the result has the form of an 
integer with an additional fractional part. 


Once again, as this supposes the computation of the area, which is obtained with an 
approximate ratio, even if the relation was correct, the answer obtained would have 
been an approximation. However, Bhaskara once again insists that Aryabhata's 
rule is accurate, whereas the above mentioned “practical” relation is not. 


E BAB.2.8 


E.1 General rule 


Aryabhata gives a rule that can be summed up as follows: If ABCD is an isoce- 
les trapezium whose heights, AH, EG, BI are always equal to one another, as 
illustrated in Figure 12, 


Figure 12: An isoceles trapezium 


A E B 
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A E B 
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then: p 
x 
EF = ——— 
AB+CD 
CDx EG 
esc AB+CD 
and the area A is: 
(AB + CD) 


= EG x ee 
A Gx 5 


E.2 Description of the field 


Bhaskara replaces, to a certain extent, Aryabhata’s terminology by his own. For 
instance, the uneven sides of an isoceles trapezium (AB and CD in Figure 12), 
are paraphrased by the commentator in the following wayt”: 


ke te? parsve| bhür ekam mukhami taram 
What are those? The sides. One side is the earth, the other the face. 


Bhaskara also explains the unusual technical term svapatalekha (a line on its own 
falling)!*: 


svapatalekha nama antahkarnayoh sampatasya 

bhümukhamadhyasya cantaralam 

Svapatalekha is the name of the inner space (delimited by) the intersec- 
tion (sampata) of the two interior ears and the middle of (respectively) 
the earth and the face. 


He refers elliptically to these segments, by using the word sampata ((the line(s) 
whose top is) the intersection)!?, sampatagra ((the line(s)) whose tops is the inter- 
section”? and also with the compound karnavalambakasampata ((the lines whose 
tops are) the intersection of the perpendicular and the (interior) ears?!. We can 
note that previous translators of the Aryabhatiya seemed to have confused svapata 
(a falling of one's own) and sampáta (an intersection). Thus Kaye?? translates the 
compound svapatalekha as if it was sampatalekha: “the lines from the point of 
intersection". P. C. Sengupta?? follows by giving the following translation, which 
is not literal: *the distance of the point of intersection of the diagonals from one 


17 [Shukla 1976; p.63] 
18/Shukla 1976, p. 63] 
19[Shukla 1976;p.63, lines 2 and 19] 
20[Shukla 1976; Example 1, p.63] 
?1[Shukla 1976; p. 63, line 19]. Please refer also to the Glossary for the translations we have 
adopted of these terms. 
22[Kaye 1908; p. 121] 
23 [Sengupta 1927; p.16] 
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of the parallel sides”. Both Clark?4 and Shukla?? seem to understand svapüta as 
relating to the orthogonality of the segments, and add the other understanding of 
the compound in parenthesis. In all cases, there is no ambiguity concerning the 
segments that this compound refers to. 


The correspondence between Aryabhata’s technical terms for the sides of a trapez- 
ium and Bhaskara’s are given in Table 6. 


We can note here that if such segments are mediators for isoceles trapeziums this 
is not the case for any trapezium. When Bhaskara comments on the fact that they 
“fall in the middle” of the earth and the face, he thus restricts his description to 
the case of these trapeziums. 


E.3 Bhaskara’s interpretation 


At the end of his general commentary on the verse, before the resolution of exam- 
ples, Bhaskara gives an explanation, which may very well be a proof of the two 
rules given by Aryabhata: 


samyagadistena”® likhite ksetre svapatalekhapramanam 
trairasikaganitena pratipadayitavyam| 
tathà trairasikenaivobhayaparsve karnavalambakasampatanayanam| 


The size of the ‘lines on their own fallings’ should be explained with the 
computation of a Rule of Three on a field drawn by (a person) properly 
instructed. Then, by means of just a Rule of Three with regard to the 
two sides which are a pair, the computation of (the line whose top is) 
the intersection of the diagonals and the perpendicular (is made). 


Indeed, as illustrated in Figure 13, the triangles ABF and CFD are similar. 


Therefore 
EF FG | EG 
AB CD AB+CD' 


Such ratios are always given, in Bhaskara’s commentary, as a Rule of Three. 
'They are not stated explicitly here. One Sanskrit expression is rather difficult to 
understand here: trairasikenaivobhayaparsve . Indeed we have translated it in this 
way: “by means of just a Rule of Three with regard to the two sides which are a 
pair". The compound ubhayaparsve should most usually be understood as: the 
side of both. We couldn't make much sense of all this. . . 


24(Clark 1930; 27]: “the perpendiculars (from the point where the two diagonals intersect) to 
the perpendicular sides” . 

25/Sharma&Shukla 1976; p.42]: “the lengths of the perpendiculars on the base and the face 
(from the point of intersection of the diagonals)". 

?6 Reading this instead of samyaganadistena of the printed edition. 


E. BAB.2.8 
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Table 6: Names for the sides of a geometrical figure, as illustrated in Figure 12, 
given by Aryabhata and Bhaskara. 


Segments Sanskrit names used by | English Translation 
Aryabhata 
AH, EG, BI | ayama height 
AB, CD vistara, pargva width, side 
EF, FG svapatalekha The ‘lines on their own 
falling’ 
Segments Sanskrit names used by | English Translation 
Bhaskara 
AC, BD parsva, karna side, ear 
AB mukha, vadana face 
CD bhū, bhümi, dhatri va- | earth 
sudha 
AD, BC antahkarna, karna interior ears, diagonals 
AH, EG, BI | ayama, vistara, dairghya height 
AH, EG, BI | avalambaka perpendicular 
EF, FG svapatalekha The ‘lines on their own 
falling’ 
sampata The (lines whose top is) 
the intersection (of the in- 
terior ears) 
sampatagra The (lines) whose top is 
the intersection (of the in- 
terior ears) 
karnavalambakasampata (The lines whose tops 
are) the intersection of 
the perpendicular and the 
(interior) ears 
HC, ID bhuja The base 
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Figure 13: Fields inside a trapezium 
A E B 


C H G I D 


He further adds: 


pürvasütrenatra dvisamavisamatryasraksetraphalam dargayitavyam | 
vaksyamanasütrenantarayatacaturasraksetraphalaanayanam anena va... 
Here, with a previous rule (Ab.2.6.ab) the area of isoceles and uneven 
trilaterals should be shown. Or, with a rule which will be said (Ab.2.9.) 
the computation of the area of the inner rectangular field (should be 
made) 


As illustrated in Figure 12, a trapezium can be seen as the sum of several triangles 
(AFC, CFD, AFB and BFD) or as the sum of two right angle triangles (AH C 
and BID) and a rectangle (ABIH). 


Furthermore, Bhaskara distinguishes the case of isoceles trapeziums (which may 
even have three equal sides as in Example 3) from the case of uneven trapeziums, 
in the types of problems that may be solved by such a rule, the latter recquiring 
a beforehand knowledge of the height of the trapezium. The procedure given by 
Aryabhata, in this case, only concerns the area. 


In fact the part of the rule which computes the area of the trapezium is analyzed by 
Bhaskara as being applicable to any quadrilateral. To state this property Bhaskara 
needs to specify the terminology he is using. He therefore distinguishes what he 
calls ‘uneven quadrilaterals” (visamacaturaára, i.e a non-isoceles trapezium), from 
what is called with the same name in other treatises (i.e. any quadrilateral). To 
do so he actually states a definition of what is trapezium: 


atra ca yad upadigyate tasya yàv avalambakau tau tulyasankhyau| 
The two perpendiculars of the (field) which is instructed here (in Ab.2.8) 
have the same value. 


He then can write the above mentioned property: 
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atha yad ganitasastrantaraupadistavisamacaturasraksetra.m 

yac cehaupadisyate tayor dvayor api phalanirdeso 

py anenopadeśena sakyate [kartum]| 

Now (concerning) that uneven-quadrilateral-field explained in a differ- 
ent treatise on mathematics and that (field) which is explained here (i.e 
fields which have equal perpendiculars), the specification of the area of 
these very two (types of fields) can be [made] with this instruction (i.e. 
the one given in Ab.2.8.cd) as well. 


E.4 Procedure followed in examples 
E.4.1 Isoceles trapezium 


Problem Knowing the sides, face and earth of an isoceles trapezium, find the two 
lines on their own falling and its area. 


Step 1 Find the height, considering an inner right angle triangle using Ab.2.17.ab. 
As illustrated in Fig 12, considering triangle AHC or BID we have 


oH =1p =P — 4E 


and 

EG? = AH? = AC? — HC’, 
or 

EG? = BI? = BD? — ID’. 


In all examples here, the value found for the square of the height is a perfect 
square. 


Step 2 Compute according to Aryabhata’s rule the two segments of the height: 


ABx EG 
Ei AB+CD’ 
CD x EG 
POR EFOD 


Step 3 Compute according to Aryabhata’s rule the area of the trapezium: 


A- ga x EET CP. 
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E.4.2 Uneven trapeziums 


In this case, the height should already be given. Then both Step 2 and Step 3 of 
the previous procedure can be followed. 
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F.1 Ab.2.9.ab 
Aryabhata gives the following general rule: 


sarvesam ksetranam prasadhya pārśve phalam tadabhyasah| 
For all fields, when one has acquired the two sides, the area is their 
product| 


This is interpreted by Bhaskara in three ways: It is first read as giving a procedure 
to compute the area of rectangles. Then it is understood as a way of verifying the 
areas of the fields for which Aryabhata has already given procedures that allow a 
computation of the area. Finally, it is read as a method to find the area of any 
field. 


F.1.1 Procedure for the area of a rectangle 


The area of the rectangle may be seen as a direct application of the method given 
by Aryabhata here, as the area is a product of its width (vistara) and length 
(ayama). Bhaskara seems to admit that this is a very well-known fact. A verse 
quoted in the general commentary states: 


vyaktam phalam ayate yasmat 


since in rectangles the area is obvious 


However, the first example of the commentary concerns rectangles. 


F.1.2 Verifications 


All the procedures given previously by Aryabhata to compute the area of given 
fields can be seen as products of two quantities. Bhaskara re-reads these procedures 
as therefore producing the areas of rectangles having the same area as the initially 
computed field. He gives a name to this reasoning, it is called pratyaykarana. Liter- 
ally this word means “producing conviction". This we would translate as “proof” 
or “demonstration”. However, historians of science seem to have all understood 
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this word as meaning verification?’. We have adopted the commonly used trans- 
lation of this word. 


We have discussed the nature of this reasoning as a verification in our thesis?® 
giving two hypotheses on the nature of the reasoning elaborated here. The first 
hypothesis is that the reasoning considers the ability to find a rectangle with the 
same area as the field whose area is verified. This would interpret Ab.2.9.ab. as 
giving an essential property of plane geometry as conceived by Bhaskara: all fields 
can be transformed into a rectangle bearing the same area as the original field??. 
Another hypothesis would be to consider that a method was known starting with 
a given field to construct a rectangle with the same area. By then computing the 
area of such a rectangle, the area of the initial field would be verified. Bhaskara 
would then explicitly define arithmetically the link between the sides of the initial 
field and the newly constructed rectangle, explaining the validity of the procedure 
of construction. 


'These are hypotheses. We have here described the procedure followed formally, as 
they appear in the text. 


a Verifying the area of trilaterals 


a.l equilaterals The idea is that the area of such triangles is equal to the rec- 
tangle whose sides are respectively the height and half the corresponding base, as 
illustrated in Figure 14. 


Figure 14: An equilateral triangle and a rectangle with same areas 


Problem Knowing the length of a side in an equilateral triangle, find the rectangle 
which has the same area and compute the area. 


Step 1 Draw the triangle. Compute as described in BAB.2.6.ab. the height and 
half the base. 


?TSee [Hayashi 1995; p. 72-75], who also analyses the use of the term in this text, and in 
non-mathematical texts. One can also see [Shukla 1976; intro p.liv] 

28See [Keller 2000; I p. 104-127] 

29This is exposed by T. Hayashi in [Hayashi 1995] 
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Step 2 Draw the corresponding rectangle. The area is the product of both. 
The case of the isosceles is not treated. Bhaskara just adds: 


evameva [dvi]samesu, visamesu ca| 


(The computation) is just like that in isosceles and uneven (trilaterals 
also). 


b Uneven trilaterals Two methods are given. The first proceeds just as in the 
case of equilaterals, and therefore considers that any trilateral’s area is equal to 
the area of the rectangle having for length and breadth respectively the height 
and half the base. We have given an illustration of this mathematical property in 
Figure 15, although no such drawing is in the text itself. 


Figure 15: Any triangle has the same area as a rectangle whose sides are one height 
and half the corresponding base 


I————— 
half the base 


'The second procedure is as follows, and is illustrated in Figure 16: 
Step 1 Compute the sections of the base (BD, DC) created by the given height 
(AD) as described in BAB.2.6.ab. 


Step 2 Compute the areas of the two rectangles (AEBD and AFDC), having 
drawn the corresponding figure. Halve the given areas. 


Step 3 The area of the triangle is the sum of the half-areas of the rectangles. 
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Figure 16: Any triangle has the area of two half rectangles 
E A F 


F.1.3 Circles 


There is no illustration, but the following rule, is given: 


vrttaksetre viskambhardha vistarah, paridhyardham ayamah, 
tad evayatacaturasraksetram 


In a circular field, the semi-diameter is the width, half the circumference 
is the length, just that (gives) the rectangular field. 


As we have noted before this rule seems a reinterpretation of the arithmetical rule 
for computing the area of a circle as the product of two quantities, and, as an 
arithmetical explicitation of the link between the segment and circumference of a 
circle and the rectangle having the same area. 


F.1.4 Trapeziums 


Oddly, an isosceles trapezium is presented by Bhaskara as part of the group of mis- 
cellaneous fields (prakirnaksetra). This may be due to the fact that the trapezium, 
as represented in a diagram, is considered here horizontally??. 


A trapezium has the same area as a rectangle having for sides, respectively its 
perpendicular and half the sum of its parallel sides (or faces: mukha and prati- 
mukha). 


Problem Find the area of a trapezium whose two parallel sides and height is 
known. 


30We have discussed the sometimes implicit orientation of fields in [Keller 2000; I. p.228-230] 
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Step 1 Compute half the sum of the parallel sides. 


Step 2 The area of the trapezium is equal to the area of the rectangle having for 
sides half the sum of the parallel sides and the height, therefore the area is 
their product. 


F.1.5 A drum shaped, two dimensional figure 


This field, illustrated in Figure 17, is characterized by a separation (vydsa) or 
width (vistara), corresponding to its smallest height (a) and its two parallel sides 
(mukha; b and c, which are equal in the only given example). 


Figure 17: A two dimensional, drum-shaped field 
dairghya 


vyasa 


mukha vistara 


According to Bhaskara, the area of this field is the area of a rectangle having for 


b+c 
; E —— +a E $ 
sides respectively d and —;—?!. Therefore, its area A is 


b+c 
tur ud 


A-—dx 5 


This corresponds to the area of two trapeziums having a common parallel segment. 


In other words: 
d a+c d a+b 
A-—-x + — X : 
2 2 2 2 


The diagram illustrating the solved example of this related text, in the edition, is 
a figure formed with two arcs (represented in filligrane in Figure 17): this may be 


3! The computation described by Bhaskara shows that the two sides can have different lengths. 
In the written example, even though the two sides are equal, Bhaskara writes: mukhayoh samasah| 
(The sum of the faces.) And afterwards he considers its half. He therefore computes: 2. In the 
computation of the following value he proceeds likewise. 
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Figure 18: A two-dimensional tusk field 


vistara 
a 


due to a deformation of the approximative straight lines often seen in the diagrams 
of palm-leaf manuscripts. 


F.1.6 A two dimensional tusk-field 


A tusk field, as illustrated in Figure 18, is characterized by a width (vistara, a), 
a belly (udara, b) and a back (prstha, c). Its area is considered to be equal to the 


rectangle whose sides are (b+ c)/2 and a/2. Therefore the area, A, of such a field 


is 
b+c 
x 


a 
A= 5 5 


We do not know how this formula was found, but we can note that it presents 
an analogy with the formula giving the area of a circle. The area of such a field 
is known to have been studied in later mathematical texts. Some times it is con- 
sidered as made of two arcs of a circle??. 


F.2 Ab.2.9.cd 

Aryabhata states in the second half of verse 9 that the chord that subtends an arc 
of 60 degrees is equal to the radius. This is illustrated in Figure 19. 

F.2.1 Rasis 

A ragi, as can be seen in Figure 19, is 1/12th of a circle, or 30 degrees. Bhaskara 


seems to consider the arc made of two rāśis as a field of its own. As we have 
stated in the Introduction, a circle is seen by Bhaskara not so much as a disk — 


32[Datta&Singh 1979; p.168 sqq] 
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Figure 19: The chord of a sixth part of the circumference, which is the chord 
subtending two rasis, is equal to the radius 


Two rasis 

or a two rasi field” ^" 

is the 6th part of the ardha-jya 

circumference -——  half-chord 
of one rasi 


this is the idea of Prabhakara - then as the couple formed by a diameter and a 
circumference. In the same way, a two-rasi field, even if the word “field” (ksetra) 
conveys the idea of extension, would be restricted to the arc. 


F.2.2 Half-chords 


'The vocabulary used in Bhaskara's commentary is confusing; but it makes sense 
in regard to the notion we use today of the sinus of an arc: If a is the measure of 
an arc measuring one rai, in a circle of radius R, half the chord of 2a is called by 
Bhaskara the half-chord of a. It corresponds precisely to Rsina, where an Rsinus 
is the product of the sinus with the given radius. In other words: 


chrd(2a) 


= Rsina. 
7 sina 


F.2.3 A pair of compasses 


Bhaskara describes here, very briefly, a pair of compasses. The sentence where he 
does so, can be understood in various ways. For instance, the word varti could 
refer to a piece of wood, a paint brush or some chalk. And the word sita could 
be a past participle (has been secured) or mean the color white. So that the same 
Sanskrit sentence 


asmin ca viracitamukhadesasitavartyankurakarkatena alikhite chedyake 
yat sadbhagajyayah ardham tat rageh ardhajya| 


can be read in at least five different ways. For instance as: 
And in this diagram, which is drawn with a compass with a white and 


sharp chalk (sitavartyarnkura) fastened to the mouth-spot (mukhadesa), 
that which is half of the chord of a sixth part is the half-chord of a rast. 
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or as 


And in this diagram, which is drawn with a compass with a secured 
(sita) and sharp paint brush (vartyankura) fastened to the mouth-spot, 
etc. 


Hence several images of compasses rise from this sentence. The interpretation we 
have adopted rests upon Parame$vara's descriptions of a pair of compasses, which 
we have discussed in the supplement for verse 13. 


F.2.4 Fields within a circle 


Figure 20: Fields seen inside a circle, whose circumference is divided in six equal 
parts 


Two rasis 

or a two rasi field” ” 

is the 6th part of the ardha-jya 

circumference -——  half-chord 
of one rasi 


Bhaskara describes in the commentary several fields within a circle. The term 
“chedyaka’ , which we have translated by “diagram” as it is used with this sense 
in the Mahabhaskariya, an astronomical treatise written by our commentator, is 
only used in this commentary to refer to the figure whose drawing is described 
in BAB.2.11??. Verse 11 of the chapter on mathematics is closely linked to this 
one: it is the place where the application of such a relation will become clear in 
Bhaskara's commentary. 


G BAB.2.10 


G.1 Aryabhata's verse 


Ab.2.10 relates a given diameter (measuring here 20000 units) to an approximate 
circumference (62832). Bhaskara insists on the fact that an approximation of the 
constant ratio linking the diameter of a circle (2R) and its circumference (C), which 
we call 7, is given here. A procedure to compute the diameter or circumference of 


33Please see the supplement for this commentary for an illustration of the particular diagram 
it may refer to. 
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33Please see the supplement for this commentary for an illustration of the particular diagram 
it may refer to. 
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any circle is deduced from this verse. It rests on a Rule of Three. The steps of the 
procedure to be applied in the case of the circle follow those of any Rule of Three, 
and are not exposed here. 


With our notations, we can state the rule given by Bhāskara as follows. If a circle 
whose circumference is C and diameter is 2R, then: 


If 2R is known, approximately, 


. 2R x 62832 
~ . 20000 
If C is known, approximately, 
oR = C x 20000 
62832 
62832 
m ~ —— = 3, 14164. 
20000 


According to Afzal Ahmad??, this value derives from the computation of the 
perimeter of a regular polygon of 256 sides inscribed in a circle. 


G.2 The “ten karanis” theory 


Bhaskara exposes in this part of his commentary another set of rules that may be 
ascribed to Jain authors. All are given in a dialect of Sanskrit. They are exposed 
in order to refute the first of these rules, which gives an alternative computation 
for the circumference of a circle. These rules have been discussed in [Shukla 1972]. 


The different steps of this refutation are given in the following subsection??. We 
will only unravel here the mathematical contents of each of these rules. 


First rule vikkhambhavaggad sagunakarant vattassa parirao hodi| 
[viskambhavargadasagunakarani vrttasya parinaho bhavati|] 
textbfThe karani which is ten times the square of the diameter is 

the circumference of the circle| 


To understand simply the mathematical idea of a karani, one may consider 
it as a square root, although this is, to a certain extent, a heuristic trans- 
position in our modern language. This rule can be formalized as follows: if 
C is the circumference of a circle, and 2R its diameter, this verse gives the 
computation 


€ = \/10.(2R)? (1) 


34For commentaries on approximations of 7 in India, see [Datta 1926], [Hayashi&Kusuba&Yano 
1989], [Hayashi 1997b] 

35 Ahmad 1981] 

36 An analysis can be found in [Keller 2000; I p.120-126] 
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7 is thus approximated as y/ 10. 


The Jain canonical works, known to us as preceding the time of Bhaskara, 
such as the Suryaprajnapti (or Süryapannati), use this value for 7°". It is 
usually considered that such an approximation derives from the computation 
of the perimeter of a regular polygon with 12 sides, inscribed in a circle®®. 


Second rule Te second verse stated is: 
ogahiinam vikkhambham?? egahena samgunam kuryat| 
catiguniassa tu mülam jvvà savvakhattanam|| 
[avagahonam viskambham avagahena?? sangunam kuryat| 
caturgunitasya tu mülam sā jiva sarvaksetranam||] 
The diameter decreased by the penetration should be multiplied 
by the penetration| 
Then the root of the product multiplied by four is the chord of all 
fields|| 


'The same verse, except for the last quarter, is given in verse 180 of the Jain 
work Jyotiskarandaka, an exposition in the line of the Süryaprajfiapti . 


With the same notations as before, as illustrated in Figure 21, if a is the 
penetration (avagaha)??, j (jyà), the chord, then 


j= J/A(2R — aja. (2) 


This may be linked to the second part of verse 17 of the Aryabhatiya: 


17cd. In a circular (field) (vrtta), the square of the half chord, 
that is certainly the product of the arrows (Sarasamvarga) of 
two bows|| 


Let C be a circle of diameter AB and C DE a chord as illustrated in Figure 
22, then we can understand the verse as 


DE? — AD x DB. 


The two “bows” are thus the two arcs formed by C E, whose arrows are CD 
and DE. 


If j = 2DE, and DB =a, so that AD = 2R — a, then we have 


(2) = eR- au ei = vig a 


2 


?7See [Datta&Singh 1979; p. 152-154], [Hayashi 1997a; p. 12], [Sarasvati 1979; p. 62sqq] 
38[Sarasvati 1979; p.65] 

39The edition reads vikkhambha. 

40The edition reads avagahena. 

^l[Sarasvati 1979; p. 63, note 4] 

420r the “arrow” (Sara), these two expressions refer to the same segments. 
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Figure 21: The field described in Bhaskaras refutation 


Figure 22: The figure illustrating the rule of the second half of Ab.2.17 
E 


C 


We can note that although this verse is quoted along with verses that are 
refuted, the fact that it can be seen as another formulation of Ab.2.17ab. 
shows that what is questioned by Bhāskara is not this procedure, which was 
probably considered correct, but precisely the value v10 used for the ratio 
of the diameter to the circumference of a circle. 
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Third rule isupayaguna jtvà dasikarani bhaved viganiya padam| 
dhanupatta ammikhatte edam karanam tu aavvam | 


[isupadaguna jiva dasakaranibhir? bhaved vigunya^^ phalam* | 
dhanuhpatte $min ksetre etat karanam tu jntavyam||] 


The chord with the quarter of the penetration as multiplier once 
multiplied by ten karanis will be the area| 

In that field which is a strip like a bow, this procedure should be 
known|| 


In other words, with the same notations as above, the area of a segment b of 
a disk is " 
b—jx4xvl0. (3) 


As before we do not know from where this computation was derived. We can 
note that it is consistent with the computation of the area of a circle. 


Fourth rule Then a rule to sum karanis is stated: 


ativatti a dassakena i mülasamasassamotthavat| 

ovaltanayaguniyam karanisamàasam tu nàavvam|| 

[apavartya ca dasakena hi mülasamasah samottham yat| 

apavartanankagunitam karanisamasam tu jnatavyam||/ 

When one has reduced (the two karanisto be summed) by ten, 
then, the sum of the roots (of the results is taken). That which 
arises from the same (sum) (i.e. it is squared) is| 

Multiplied by the digits of the reducer (i.e. ten), (the result is a 
karani; in this way) the sum of (two) karanis should be known. || 


K. S. Shukla gives the following formulae for this verse (in the introduction 


p.lvi) 
va 4 vb — (ss) (4) 


This is used when both 15 and i become perfect squares. So that the two 
“\/” symbols used over these quantities do not represent their irrationality 
but a successful procedure of root extraction. Brahmagupta, a contemporary 


43 Although the plural instrumental ending makes sense Sanskritwise, it does not have any 
parallel in the prakrta verse. 

44Likewise, if the substitution of the vowel u for the vowel a in viganiya makes sense mathe- 
maticaly (the verb instead of meaning ‘to compute’, becomes‘to multiply’, it doesn't seem to be 
based on any phonological evidence. 

45 Once again phala is more meaningful than pada, but isn't supported by phonology. 
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of Bhaskara, gives a rule to sum karanis which is more general then this one, 
but follows the same idea*®. 


Fifth rule jyapadasarardhayutih svaguna [dagasanguna karanyas tah]| 
The sum of a half arrow and (its) quarter-chord, multiplied to 
itself, [with ten as a multiplier, these are the karanis (that 
measure the back of the bow field)]| 


In other words, with the same notation as before, considering that an arc 
p (prstha) of à circle is computed knowing a chord j, and its arrow (or 
penetration) a 


p= 4/10 aS): (5) 


We do not know from where this computation derives. It differs from those 
generally found in Jain canonical texts*”’. As this was rightly pointed out 
to me by Pr. Johannes Bronkhorst, this procedure is obviously false: if one 
adds the two complementary bow fields of one same chord (considering a and 
2R — a , one obtains the according circumference only if the chord is equal 
to the radius (e.g. if j = 2R). 


G.3 Steps used to refute the “ten karanis" theory 


The global refutation is made of two separate refutations. The first one arrives at 
an impossibility of applying a given procedure — and the overall argument has to 
do with the expression of karants as numbers. In the second refutation, the result 
obtained is absurd. 


The aim of the refutation is to discard v10 as an exact value of 7. The second 
refutation, in fact, shows that it is an extremely rough approximation. Bhaskara 
proceeds by taking specific counter-examples. His reasoning rests not on the pro- 
cedure quoted to compute the circumference of a circle, but on others that also 
use v 10 as an approximation of 7. (Namely those that we have transcribed as for- 
mulas (3) and (5)). He does not discuss the validity of these procedures as such, 
but seems to assume that, as they use the approximation he seeks to discard, this 
is the reason why they are faulty*®. We present here the different steps that the 
two refutations take. 


First refutation In the first refutation, Bhaskara attempts to compute the area of 
a circle as the sum of its interior fields. Though this is his program he does 


46See [Hayashi 1997] 

47See [Datta&Singh 1979; p.160sqq] and [Sarasvati 1979; p.63-64] 

48 For a more thorough analysis of the types of reasoning involved in the refutation see [Keller 
2000; I p.120-126 ] 
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not, apparently, follow it to the end. He takes a specific case, in the form of 
a versified problem. 


He then uses the procedure that we have transcribed as formula (3) to com- 
pute the areas of four bow-fields. They are obtained as karanis. In order to 
sum the areas first of the bow fields, then of the interior rectangle he uses a 
rule that we have transcribed as formula (4). When trying to sum the areas 
of the bow fields, which amounts to ‘ka.1210’ (or 11/10) and the area of 
the rectangle, which amounts to ‘ka.2304’ (or 48) he cannot obtain a simple 
number: in other words, he cannot write 11/10 + 48 as a single irrational 
quantity. Bhaskara states: 


dhanuhksetraphalasamasaraser asya ca karanisamasakriyaya 
samasyamane rüsyor asamksepatal 

When summing, with the method to sum karanis, the quantity 
which is the sum of the areas of the bow fields and this (i.e, the 
area of the rectangle), both quantities are unsummable. 


And this seems sufficient to show that an impossibility arises because of the 
use of v10. Takao Hayashi proposes to understand that as the area was 
considered to be the product of the circumference with the quarter of the 
diameter, the result obtained for the area of a circle should be written as one 
number and not as a non-reducible sum of karanis. 


However, if this was the case, wouldn't the procedure used to sum karanis 
be what should have been under discussion? 


We do not know if considering this procedure as part of the “ ten karanis 
theory", and thus considering it to derive from the use of this value for an 
approximation of 7, it was to be discarded. We do not have an instance in 
another context in which Bhaskara attempts to sum karanis. 


Second refutation Bhaskara gives two counter examples for which the rule tran- 
scribed as formula (5) gives a value for the arc higher than that of its corre- 
sponding chord. This contradiction is commented upon by Bhaskara, twice, 
with some irony. The computation transcribed as formula (5) also uses v10 
as a value for 7, and therefore this procedure is seemingly refuted and not 
the one given for the circumference of the circle. Implicitly, Bhaskara assumes 
that the absurdity arises because the value for 7 is a very rough approxima- 
tion. 


Bhaskara concludes this refutation assuming that he has thus showed the impos- 
sibility of finding an exact procedure to compute the circumference of a circle 
knowing its diameter. 
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H BAB.2.11 


Bhaskara, in his commentaries on verses 11 and 12, aims at showing how the 
table of sine difference given by Aryabhata in verse 12 of the first chapter of the 
Aryabhatiya is derived. This is not explicit in his commentary on verse 11, but 
becomes clear as we read BAB.2.12. 


In this section, in a first part we will discuss Bhaskara’s interpretation of Ab.2.11. 
In a second part we will explain the procedure he gives and in a third part we will 
discuss Bhaskara’s remark concerning a chord equal to the arc it subtends. 


H.1 Bhaskara’s understanding of Ab.2.11. 


In Ab.2.11. Aryabhata just alludes to a geometrical situation (a circle whose cir- 
cumference is first divided in quarters; trilaterals and quadrilaterals, related to 
arcs in a given quadrant...), in which half-chords should be computed, but he does 
not give any precise procedure. Both a geometrical context, namely a diagram, 
and a procedure followed within this diagram are supplied by the commentator. 


H.1.1 “The quarter of the circumference of an even-circle” 


The first quarter of verse 11 locates the procedure within a quarter of a cir- 
cle (samavrttaparidhipada). The expression used in the verse to name a circle: 
samavrtta, means “even circle". It is probably opposed to an “elongated circle” 
(ayatavrtta), which is an ellipse. Bhaskara as he comments on the compound, in- 
dicates that what is considered is not the quarter of the disk but the quarter of 
the circumference. We will see how the procedure he provides uses several charac- 
teristics of the quarter of the circumference. 


A rāśi is, in this casef£2, a standard unit when considering a uniform subdivision 


of the circumference of a circle: it corresponds to 1/12th of the circumference, or 
1/3rd of the quadrant. 


Bhaskara states explicitly that the quadrant is convenient for it contains a whole 
number of rasis, and that all the half-chords computed in one quarter are equal 
to those of other quarters. 


H.1.2 “Trilaterals and Quadrilaterals": the diagram 


The procedure Bhaskara gives may be understood as four sub-geometrical proce- 
dures used, within a diagram, to compute the length of a half-chord. This proce- 
dure will be described in a section below. 


Bhaskara describes the construction of a diagram, very precisely, so that we can 
reconstruct it ourselves. Such a diagram is illustrated in Figure 23. 
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Figure 23: The diagram prescribed by Bhaskara 


We note that in India the East (pürva) is in front, the West (pascima) is behind, 
the North (uttara) is on the left and the South (daksina) on the right. The cardinal 
directions are represented in the diagram of the printed edition of the commentary, 
but may not have been present in the manuscripts. 


The procedure Bhaskara describes derives half-chords from right-angle triangles 
and a square that can be seen within the diagram he has prescribed. This is 
illustrated in Figure 24. 


Figure 24: The trilaterals and the quadrilateral used by Bhaskara 


We note that rectangles appear also in this diagram: it is possible that Aryabhata 


49 For the different meanings that ráái can bear, please see the Glossary. 
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himself did not restrict his idea of “quadrilaterals” to the square considered by 
Bhaskara. 


H.1.3 Chords and half-chords. 


This may be recalled here: Let there be a whole chord (jyà) subtending an arc 
8. Half the chord subtending is called the half-chord (ardhajya) of the arc 6/2. 
This half-chord corresponds to the Rsinus (R times the sinus) of 6/2. 


'This can be quite confusing as we read Bhaskara's commentary and is important 
to bear in mind. In fact Bhaskara himself often omits the word ardha (half) when 
he refers to a half-chord. In later works jyà or jivà alone name the half-chord??, 


A bow-field involves both a chord and a half-chord of a given arc, and also an 
“arrow” (sara) which is ascribed to the arc of the half-chord. The arrow in the 
case of a bow-field of two unit-arcs is illustrated in Figure 25. 


Figure 25: A bow-field of two unit-arcs 


Arrow of 
one unit-arc 


Whole chord of 
two unit-arcs Half-chord of 


one unit-arc 


The arrow is a segment that Bhaskara uses in the diagrammatic procedure de- 
scribed below. 


Chords and half-chords were first introduced in Bhaskara’s commentary on the 
second half of verse 9. This half-verse states that the chord subtending one sixth 
of a circle is equal to the radius of the circle. He also introduces in this commentary 
of verse the arc corresponding to one twelfth of a circumference, which is called a 
rast. Thus with the second half of verse 9 we know that in any circle, the half-chord 
of one twelfth of the circumference is equal to half the radius. The result given 
by this verse is fundamental for Bhaskara’s diagrammatic procedure, since it is on 
the basis of this chord that all other chords (and their corresponding half-chords) 
will be deduced. 


50For remarks of later Sanskrit authors on the links between a chord and a half-chord see 
[Datta&Singh 1983; p. 40] 
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H.1.4 Equal or even unit-arcs? 


Bhaskara gives here a particular interpretation of the compound samacapa, used 
in Ab.2.11: “sama” would be a reference to the fact that only half-chords of an 
even number of unit-arcs (capa) are to be produced by means of this procedure?! : 


jyavibhagena samavrttaparidhau khandyamane tribhujac caturbhujat 
ca ksetrat samacapajyardhani nispadyante, na visamacapajyardhani| 
tani visistany eva parigrhyante, dvicaturastasodasadvatrimásadityadini 
dvigunauttarani| 
“the half-chords of an even (number of) unit-arcs” are produced “from 
a trilateral and a quadrilateral field”, and not half-chords of an uneven 
(number of) unit-arcs. 
Just those particular ones, which are doubled successively, are understood: 
two, four, eight, sixteen, thirty two, etc... 


Furthermore, Bhaskara glosses the word tu (“and”) in order to add all the even 
arcs that this first interpretation omits: 


‘tu’Sabdat dvicatussadastadasadvadasacaturdasadini cal 
And, due to the word ‘tw’ (and), two, four, six, eight, twelve, fourteen, 
etc... (are understood.) 


Two pieces of information are given to us in this part of the commentary. 


First of all, we understand that Bhaskara assumes that the quadrant is divided by 
equal arcs. 


Indeed, “equal arcs” could be another interpretation of the compound sama (equal)- 
capa (arc or unit-arc); this translation has been adopted by most of the translators 
of this verse with the exception of P.-S. Filliozat in [Filliozat 1988a]. Aryabhata's 
idea may have been to insist that the arcs were equal, as for instance T. Hayashi 
has understood it in [Hayashi 1997], since the use of sama in the Aryabhatiya does 
not corroborate this interpretation of Bhaskara’s as *even"??, 


As we have recalled above, the second half of verse 9 considers the twelfth-part of 
the circumference of a circle, which is called a ras. The twelfth-part of the circum- 
ference, or the third part of the quadrant, is the first, and most rough, subdivision 
(or partition, vibhaga) of the circumference that is considered by Bhaskara in the 
diagrammatic procedure. 


What is called a “unit-arc” here is a given arc which produces a uniform subdivi- 
sion of the circumference of a circle. 


51[Shukla 1976; p. 77, line 15 sqq.] 7 
52 All occurrences of the word in the Aryabhatiya convey the meaning of “equal” or “unifor- 
mity”. 
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In his commentary, Bhaskara, does not use the word capa (given by Aryabhata) to 
name the unit-arcs considered but substitutes for it the word kastha. The unit-arcs 
called kastha considered in the procedure, are always an even subdivision of rasis 
(i.e. 1/2, 1/4, 1/8th of a rast). 

Table 7 gives the relations between rasis, degrees and the number of unit-arcs 
considered. 


Let us stress here that Bhaskara's interpretation of the compound leads him to 
understand that the diagrammatic procedure works only for half-chords of an even 
number of unit-arcs. As we will see in the next section, half-chords of an uneven 
number of unit-arcs can be derived from the diagrammatic procedure, and indeed 
they are, but when they are produced they stop the iteration of the process and 
indicate that a new procedure or a new field should be considered, in order to 
go further. Deriving a new half-chord with the half-chord of an uneven number 
of unit-arcs, with the given procedures, would indeed produce half-chords of a 
non-integer number of unit-arcs. This is probably why such a limitation is put 
forth. 


The iterative aspect of the process is given by Aryabhata with the expression 
yathestàni (as many as one desires). 


H.1.5 “On the semi-diameter” 


Bhaskara explains in three reasonings that complete one another how he un- 
derstands the expression “the production of half-chords on the semi-diameter”: 
First, the radius is fundamental because the trilaterals and the quadrilateral con- 
sidered each have at least one side which is the radius. Secondly, the biggest value 
possible for the half-chord (the Rsine) is the radius. Finally, the radius as the 
chord subtending one sixth of the circumference is the first numerical input that 
starts the procedure. 


H.2 The steps of the diagrammatic procedure 


As we have explained above, the procedure described by Bhaskara uses four dif- 
ferent procedures, that each rest upon right-angle triangles and a square that 
can be drawn inside a circle. These are specific fields that are drawn along the 
uniform subdivision of the circumference into equal unit-arcs. In the procedures 
described by Bhaskara, even subdivisions of rasis are considered. However the dia- 
gram whose construction is described in the commentary only considers a circum- 
ference subdivided by whole rasis. Thus the diagram prescribed in the commentary 
is archetypical, it does not represent the effective triangles considered. 


The four sub-procedures described in a diagram may be explained as follows??: 


53The notations adopted are those used by Takao Hayashi in his article on Ab.2.12, [Hayashi 
19972] 
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Table 7: Number of rasis, unit-arcs and degrees 
For each application of the diagrammatic procedure, Bhaskara considers even sub- 
division of rasis. This table gives the correspondence between the subdivision of 
rasis considered, the three successive unit-arcs considered and the length in degrees 
of the arc considered. 


rasis | degrees | unit-arcs 1 | unit-arcs 2 | unit-arcs 3 
1/8 3,75 - - 1 
1/4 7,5 - 1 2 
3/8 11,25 - - 3 
1/2 15 1 2 4 
5/8 | 18,75 - - 5 
3/4 22,5 - 3 6 
7/8 | 26, 25 - 7 
1 30 2 4 8 
9/8 33,75 - - 9 
5/4 37,5 - 5 10 
11/8 | 41,25 - 11 
3/2 45 3 6 12 
13/8 | 48,75 - - 13 
7/4 52,5 - 6 14 
15/8 | 56,25 - - 15 
2 60 4 8 16 
17/8 | 63,75 - - 17 
9/4 67,5 - 9 18 
19/8 | 71,25 - - 19 
5/2 75 5 10 20 
21/8 | 78,75 - - 21 
11/4 82,5 - 11 22 
23/8 | 86,25 - - 23 
3 90 6 12 24 
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Let 3 x 2", m being any integer, be the number of unit-arcs o in which a quadrant, 
of radius R, is divided (the quadrant then measures 3 x 2"*o). A quadrant contains 
T 


three ragis (r), so that r = 2™a (or a = 557). Let J; be the Rsine (jya, R times 


the sine) of ia, 0 < i € 3 x 2™. This is illustrated in Figure 26. 


Figure 26: A quadrant with half-chords 
The arc A; Aii =a, the arc Ap A3xam =3~x 2™a. 


A342 


procedure 1 Uses Ab.2.9.cd which states that the semi-diameter is equal to the 
whole chord of one sixth of the circumference (two rasis). In other words, R 
is the whole chord of 2*9. 


Then 
R 
J2m — 9* 
This is the half-chord which can always be known and from which the itera- 
tion of the process may start. 


For instance, in the first series of half-chords computed by Bhaskara, the 
unit-arc is half a rast, so that with our notation m = 1. Bhaskara shows that 
R is the whole chord of four unit-arcs, and therefore its half is the half-chord 
of two unit-arcs”*: 


54[Shukla 1976, p.79, lines 7-8] 
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atralekhye vyasardhatulya caturnam kasthanam [piirna]jya| tadardham 
dvikasthajyà| 

In this drawing the [whole] chord of four unit-arcs is equal to the 
semi-diameter. Half of that is the (half-) chord of two unit-arcs. 


Procedure 2 With a known half-chord J;, considering the right-angled triangle 
formed by R, J; and J3x2m—;, as illustrated in Figure 26, using Ab.2.17ab 


J3x2 . is computed: 
Jax2m-, = 4| R? — J2. 


For example, in the first series of half-chords computed by Bhaskara, the unit- 
arc considered is half a rai (m = 1). From the half-chord of two unit-arcs 
(Jz) computed with procedure 1, the half-chord of four unit-arcs, illustrated 
in Figure 27, is computed according to the following geometrical reasoning??: 


tadardham dvikasthajya| sa ca 1719| esa bhuja, vyasardham karnah 
iti, bhujakarnavargavigesasya mülam avalambakah| saiva caturnam 
kasthanam jya| sā ca 2978| 

Half of that is the (half-)chord of two unit-arcs. And that is 1719. 
This is the the base, the semi-diameter is the hypotenuse, therefore 
the perpendicular is the root of the difference of the squares of the 
base and the hypotenuse. That exactly is the (half-)chord of four 
unit-arcs. And that is 2978. 


Another right-angled triangle considered is illustrated in Figure 28, as when 


Bhaskara, with the same unit-arc, computes the half-chord of five unit-arcs?9: 


esa bhuja, vyasardham karnah| bhujakarnavargavisesasya 

milam kotih| sã ca pancanam kasthanam jyà, sā ca 3321, 
visamatuad ato jyà notpadyante| 

This (the half-chord of one unit-arc) is the base, the semi-diameter 
is the hypotenuse. The perpendicular is the root of the difference of 
the squares of the base and the hypotenuse. And that is the (half-) 
chord of five unit-arcs. And that is 3321. Because (the number, 5, 
of unit-arcs) is uneven, no (half-)chords are produced from this. 


As indicated in the last remark of the above quotation, if J3x2m—; is a half- 
chord of an uneven number of arcs (i.e 3 x 2” — i is uneven) then no new 
half-chord is derived with procedure 3. If this is not the case, procedure 3 is 
followed. 


Procedure 3 With two known half-chords J; and Ja3x2m ji, J i is computed. A 
segment called the arrow (sara) of i unit-arcs (or the arrow of the half-chord 


55 [Shukla 1976; opcit. lines 8-9] 
56 idem, lines 11-13 
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Figure 27: A quadrant subdivided in half rasis 
half a rasi 


~~ 


half-chord of 
Half- four unit arcs 
chord of i da 
one unit 
H 


Arrow of 
two unit half-chord of 
arcs two unit arcs 


which is half the 
semi-diameter 


Jo 


of i unit-arcs.), and noted here S;, is considered. By definition: 
Si = R — Jax2n-i, 


as illustrated in Figure 26. This computation considers the right-angled tri- 
angle formed by 5;, J; and the whole chord of ia, using Ab.2.17.ab.: 


1, 2NSEEXE 


3 2 
Once J i is obtained, procedure 2 is used with J ie 


For instance, in the above example, Bhaskara, as illustrated in Figure 27, 
considers the right-angled triangle formed of the half-chord of two unit-arcs 
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Figure 28: Right-angled triangles in a circle 
half-chord of five unit-arcs 


Vanes 
XN 


(J2), the arrow of two unit-arcs (S2 = R — J4) and the whole chord of two 


unit-arcs, from which he deduces the half-chord of one unit-arc?*: 


etam vyasardhad visodhya $esam dvikasthasarah, 
saradvikasthajyavargayogamülam karnah| 

saiva dvikastha[pürna]jyà ca 1780| 

ardham asyah kasthasyaikasya jyà, 890| 

When one has subtracted this (i.e the half-chord of four unit-arcs) 
from the semi-diameter, the remainder is the arrow of (the half- 
chord of) two unit-arcs. The hypotenuse is the root of the sum of 
the squares of the arrow and the (half-)chord of two unit-arcs. And 
that precisely is the [whole] chord of two unit-arcs, which is 1780. 
Half of that is the (half-)chord of one unit-arc, 890. 


From this half-chord of one unit-arc, with procedure 2 he deduces, as in the 
text quoted as an illustration in the description of procedure 1, the half-chord 
of five unit-arcs. 


Procedure 4 Uses the fact that the diagonal of the square in the middle of the 
diagram, whose sides are equal to the semi-diameter (R), is the whole chord 
of three rasis which is the whole chord of the quadrant itself. By using the 
"Pythagoras theorem" he can deduce the value of a half-chord. 


57 [Shukla 1976; idem lines 9-11] 
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In other words 


V2R2 

2 
If m = 1, then the half-chord of an uneven number of unit-arcs is obtained 
and no new chord is derived from the value found for J3. 


J3x2m-1 = 


When the unit-arc considered is half a rasi, then m = 1, Bhaskara computes 
as follows, the half-chord of three unit-arcs (illustrated in Figure 28)?*: 


antahsamacaturagraksetre vyasardhatulya bahavah| 

tasya karno vyasardhayor vargayogamülam| 

tac ca 4862| asyardham trayanam kasthanam jya| sa ca 2431| 

In the interior equi-quadrilateral field the sides are equal to the 
semi-diameter. Its diagonal is the root of the sum of the squares of 
two semi-diameters. And that is 4862. Its half is the (half-)chord 
of three unit arcs. And that is 2431. 


The last relation shows — as one should compute V2 — that the square-roots given 
in this part of the commentary are systematically approximated. 


This is illustrated in Table 8. 


A similar table is given in [Hayashi 19972], p. 402, where the line J*; gives the 
approximate results according to the computation described in BAB.2.11. I do not 
find the same values as those given in this table (furthermore we have distinguished 
the approximate whole chords found from the half-chords that are deduced from 
them). This may be due to difference of approximations in the respective pocket 
calculators we have used to do these computations. Consequently the discrepan- 
cies of more than 0.5 do not always agree: although we both find discrepancies 
corresponding to the values of Jg ~ 1215, Jy ~ 1520 and Jig ~ 2978. As explained 
by T. Hayashi in the above quoted article the three discrepancies observed may 
be explained by the fact that Bhaskara here is explaining how the table of sine 
difference given in Ab.1.12 was derived. 


H.2.4 Additional Remarks 


We can note that the restriction of the iteration of the procedure (from procedure 
2 to procedure 3) to the half-chords of an even number of unit-arcs is probably 
due to the fact that it is always the Rsine of a whole number of unit-arcs that is 
considered. If à were uneven then J is computed by procedure 3, would give the 
half-chord of a non-integral number of unit-arcs. 


'The order in which the four procedures are applied in the diagrammatical pro- 
cedure is illustrated in Table 9. Furthermore, Bhaskara seems to consider always 
an additional half-chord, since he systematically counts one more in the set of 


58jdem, lines 15-17. 
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Table 8: Bhaskara’s given values and approximations 

The results in bold indicate a discrepancy of more than 0.5 between the result 
stated in the commentary and the square-root obtained with an approximation 
of 1072. Arcs are considered in degrees. In his commentary on the following verse 
(BAB.2.12) Bhaskara comments on the process he uses when approximating quan- 
tities: for an integer obtained with an additional part smaller than a half the integer 
itself is used as an approximation; for an integer obtained with an additional part 
bigger than a half, the next integer is used as an approximation. 


Arc in de- | value given | Approx. Half-chord Given value 
grees by Bh for | value at a || (Rsin) de | of Rsin 
the whole | range of || rived 
chord 107? 
7,5 450 449,94 Rsin3, 75 225 
15 898 897,65 Rsin7,5 449 
22,5 1342 1340, 65 Rsin11,25 671 
30 1780 1779, 50 Rsin15 890 
37,5 2210 2210, 15 Rsin18, 75 1105 
45 26300 2631, 31 Rsin22,5 1215 
52,5 3040 3041,55 Rsin26,25 1520 
60 3438 - Rsin30 1719 
67,5 3820 3821, 05 Rsin33,75 1910 
75 42876 4185, 85 Rsin37,5 2093 
82,5 4534 4533,81 Rsin41, 25 2267 
90 4862 4862, 07 Rsin45 2431 


The discrepancies observed in the above table can be understood by the fact that 
the whole chord should be even: halved, it should produce a half-chord which is 
an integer. 


Half-chord (Rsin) | Given value | Approximate value 
Rsin48,75 2585 2584, 68 
Rsin52, 5 2728 2727, 49 
Rsin56, 25 2859 2858, 63 

Rsin60 2978 2977, 40 
Rsin63, 75 3084 3083, 74 
Rsin67,5 3177 3176, 57 
Rsin71, 25 3256 3255, 58 

Rsin75 3321 3320, 80 
Rsin78, 75 3372 3371, 88 
Rsin82,5 3409 3408, 55 
Rsin86,25 3177 3176,57 
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Table 9: Order of derivation of the half-chords in the diagrammatic procedure 


procedure Half-chord derived junit-arc 1 junit-arc 2 unit-arc 3 
1 Jom Jo J4 Ja 
2 Jom41i JA Jg J16 
3 Jom-1 Jy Jo J4 
2 J5x2m-1 Js Jio J20 
3 applied with J2m-1 J2m-2 2 Jı J 
2 J1ix2m-2 - Jii J22 
3 applied with J2m-2 J2m-3 = = Jy 
2 J23x2m-3 - - J23 
3 applied with J5x2m-1 J5x2m-2 - Js J10 
2 Jzx2m-2 - Jr Jia 
3 applied with J5x2m-2 J5x2m-3 x - J5 
p2 Jiox2m-3 - - Jig 
3 applied with J11x2m-2 J11x2m-3 = T Jii 
2 gives J13x2m-3 - - = J13 
3 applied with Jzx2m-2 I 7 2m-3 - - Jz 
2 Jirx2m-3 E - Siz 
4 Jax2m-i Ja Je J12 
3 Jax2m-2 2 J3 Je 
2 Jox2m-2 k Jo Jig 
3 applied to J3x2m-2 J3x2m-3 i - J3 
2 J21x2m-3 d - J21 
3 applied with J9x2m-2 J9x2m-3 ES - Jg 
2 Ji5x2m-3 5 = Jis 


half-chords obtained. This most probably is the half-chord which has for length 
the radius. 


If we look at the geometrical aspect of the procedures applied, and especially 
at what the balancing between procedure 2 and procedure 3 effectively does, we 
can notice that procedure 2 always produces a segment orthogonal to the one 
it derives from. Procedure 3 produces the segment of a hypotenuse from which 
another orthogonal side may be produced. 


The graphic aspect of the process is illustrated in Figure 29, in the case where 


the unit-arc corresponds to half a rasi; and in Figure 30, in the case where the 
unit-arc corresponds to a quarter of a rāśi. 
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Figure 30: Geometrical representation of the half-chords derived, when the unit-arc 
is a quarter of a rasa 


The number between () indicates the order in which the half-chord is derived. 
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H.3 A chord of the same length as the arc it subtends 


Bhaskara states here his dissension with another scholar, Prabhakara, concerning 
the existence of an arc having the same length as the chord it subtends. He quotes 
a verse: 


Because of its sphericity (golaka-Sarira) (a sphere) touches the earth 
with the hundredth part of its circumference | 


In Lalla’s Sisyadhivrddhida (VIIIth or early IXth century according to Pingree, 
beginning of Xth century and before the middle of the XIth century according to 
Billard) and in the Siddhantasiromani by Bhaskara II (1150 A.D.) similar opinions 
are stated. We can note that the sphere, and the great circle of such a sphere, seem 
here to be confused or at least collected in the same idea. 


Bhaskara, however, states that this arc, which can be assimilated to its chord, is the 
96th part of the circumference. The 96th part of the circumference corresponds 
to the unit-arc measuring one eighth of a rasi. The half-chord of such an arc 
is computed by Bhaskara as measuring 225. Now according to the procedures 
described in BAB.2.10 giving the ratio of an arc to its subtending chord, we can 
show that because of the type of approximations used for extracting the square 
root, both the whole chord and the arc measure 225 as well. 


225 appears thus as the smallest unit for which computations of arcs and chords 
could be carried out by Bhaskara. Aryabhata’s sine difference table starts with 
the value 225. 


I BAB.2.12 


In Ab.2.12, Aryabhata gives a method to compute a series of Rsine differences. 
Several understandings of this verse have been discussed by historians of mathe- 
matics, following different commentators of Aryabhata. They have all been listed 
in [Hayashi 1997a; p.398-399]. Takao Hayashi himself gives a new interpretation, in 
this article (p. 399 sqq), of this verse based on Nilakantha's (born 1444) interpre- 
tation. The particularity of Bhaskara’s (mis)understanding is — beyond a specific 
grammatical and semantic analysis of the rule which brings forth a specific pro- 
cedure — to link it with the preceding verse. This analysis disqualifies the rule in 
his eyes. This interpretation, however, is ascribed by Bhaskara to Prabhakara, a 
scholar of whom we do not have any work but whose interpretations of Aryabhata's 
rules are often discussed in this commentary. 


We will not discuss here, for mere lack of time, how several such interpretations 
can arise from Aryabhata’s verse??. Such a thread, as it would highlight the inter- 
pretation a commentary ascribes to a given rule, would be of great interest. 


59Tndeed, this would involve reading the Sanskrit commentary of each author and analyzing in 
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H.3 A chord of the same length as the arc it subtends 


Bhaskara states here his dissension with another scholar, Prabhakara, concerning 
the existence of an arc having the same length as the chord it subtends. He quotes 
a verse: 


Because of its sphericity (golaka-Sarira) (a sphere) touches the earth 
with the hundredth part of its circumference | 
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show that because of the type of approximations used for extracting the square 
root, both the whole chord and the arc measure 225 as well. 


225 appears thus as the smallest unit for which computations of arcs and chords 
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the value 225. 


I BAB.2.12 
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In this section, we will first explain Bhaskara’s understanding of this verse, indi- 
cating here and there and in no way exhaustively, alternative interpretations given 
by other commentators. In a second part we will give the different steps of the 
procedure he prescribes, and the method of approximation he uses. In a brief last 
section we will comment on the last sentence of this commentary, which deals with 
Rversed sines. 


I.1 A specific interpretation of the rule 


This way we have translated Bhaskara/Prabhakara’s understanding of Ab.2.12: 


prathamac càpajyardhat yair ünam khanditam dvitiyardham| 

tatprathamajyaardhamáais tais tair ünàni sesani|| 

The segmented second half-(chord) is smaller than the first half-chord 
of a (unit) arc by certain (amounts) | 

The remaining (segmented half-chords) are smaller (than the first half- 
chord, successively) by those (amounts) and by fractions of the first 
half-chord accumulated. || 


I.1.1 Segmented half-chord of unit-arcs 


What Bhaskara calls a “segmented half-chord of unit arcs" (capajyardhaccheda 
or cápajyardhamáa) is the object of the computation here, a difference of Rsine. 
Indeed the difference of two Rsine, can be seen, geometrically, as a segment of the 
largest of the two half-chords considered. This is illustrated in Figure 31. 


In this verse, as in Bhaskara's commentary, the half-chords form an ordered set: 
the half-chord of one unit-arc is called “the first half-chord (of a unit-arc)", the 
half-chord of two unit-arcs is called *the second half-chord (of two unit-arcs)" and 
so on. Numerically, the set of half-chords considered is the one that was derived 
in BAB.2.11 for a unit-arc measuring 1/8th of a ravi. 


“Segmented half-chord" is Bhaskara’s interpretation of one expression of Arya- 
bhata's verse: khanditam dvityardham (the segmented second half-chord), that he 
glosses as follows: 
khanditam dvitiyardham, khanditam purvaryabhihitachedyakavidhina chinnam 
“The segmented second half (chord)”, (it) is segmented, (in other words) 
the second half-chord of (unit) arc is cut (chinna) by means of the dia- 
grammatical rule (chedyakavidhi) told in the previous arya (verse). 


The use of chinna here might be a pun. Chinna obviously glosses khandita, both 
can have the meaning of “divided”, “segmented”, “cut”. Only in BAB.2.11 no 


what way, syntactically, semantically, and mathematically, this interpretation has been derived. 
Takao Hayashi, in the above mentioned article, just presents what the final reading amounts to, 
and provides a mathematical analysis of them. 
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Figure 31: Kj,4 appears as a “section” or segment of Ji+1 


Jil 


O 


"segmented" half-chord, i.e. no sine difference is obtained. But the word translated 
as “diagram”, chedyaka, uses the same verbal root, ChID-, as chinna. So that we 
can understand the use of this word as both referring to the fact that the sine 
difference using the second half-chord is obtained with a diagrammatic method 
(by taking the difference of the half-chords obtained by the procedure described 
in BAB.2.11), and that it is a segment of a half-chord. 


'The first half of the verse, as Bhaskara understands it, therefore compares the 
first half-chord with the difference between the first half-chord and the second 
half-chord. 


In other words, using the same notations as those used in our supplement for 
BAB.2.11: Let 3 x 2" be the number of (unit) arcs, a, a quadrant is divided in, 
J; is the Rsine of ai, (0 € i < 3 x 2"). And let for i > 1, K; = J; — Jj_1 be the 
Rsine differences (khanditam ardhajyam). (This is illustrated in Figure 31) 


Bhaskara therefore understands the first half of the verse, as concerning the dif- 
ference Jı — Ko. 


We can note here that Bhaskara understands the expression capajyardha in the first 
quarter of the verse as meaning “the half-chord of one unit-arc”. Nilakantha, with 
a different interpretation of the same compound, understands it, in T. Hayashi 
words, as meaning “the first half-chord, which is (approximately equated to) the 
(corresponding) arc (a)”. The first half-chord considered in Aryabhata’s table is 
225, a value that we have noted in BAB.2.11 corresponds to what Bhaskara calls 
“a chord equal to its arc". 
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1.1.2 “Certain Amounts” 


Bhaskara considers this difference between the first half-chord (which is the half- 
chord of one unit arc), and the difference between the first half-chord and the 
second half-chord (Jı — K2) always in a plural form. 


This arises from his interpretation of the instrumental plural relative pronoun of 
the first half of the verse: yais. We have translated it as: “(is smaller) by certain 
(amounts)”. 


Glossing this term, Bhaskara writes (p. 83, line14): 


yair unam yavadbhir amsair ünam apraptasadrsam 
(The second partial half chord) “is smaller by certain (amounts)", (it) 
is smaller, that is shorter (than the first half-chord), by certain parts. 


But when he computes this difference (p. 84, line 4), he writes: 


prathamam capajyardham idam chedyakena nispannam 225| dvitiyam 
capajyardhac chedam 224| etat prathamacapajyardhad ekenonam| 

This first half-chord of (unit) arc produced with a diagram is 225. The 
second partial half-chord of (unit) arcs is 224. This is smaller than the 
first half-chord of (unit) arc by one. 


So that the “parts” or “certain (amounts)” given in the plural form, amount, in 
this case, to one unit. Evidently here, Bhaskara’s interpretation is not consistent 
with what he computes. 


This plural form may be, however, understood less literally: It can be seen as an 
elliptic formulation used by Bhaskara to indicate that the difference of the two 
first half-chords (J2 — Jı), should be considered in a plural form. Indeed, the idea 
of a “plurality of amounts”, a way of indicating a number which is higher than 
one appears p. 83, line 16: 


yavadbhih prathamacapajyardhad dvitiyacapajyardham tnam tavantas 
taih parigrhyante 

...they understand so many (amounts), by means of which the second 
half-chord of (unit) arcs is less than the first half-chord of a (unit) arc. 


We can also understand it as expressing a general case: it is only in the table 
computed here that Jı — Kə is unity. 


If we do not accept these hypotheses, we will then conclude that this plural form 
is certainly due to Bhaskara’s misunderstanding of Aryabhata's rule. In fact the 
relative plural pronoun most probably is to be ascribed to the second half verse. 


1.1.3 “fractions accumulated” 


The second half of the verse states, as Bhaskara understands it, that this first dif- 
ference Jı — Ko, and “fractions of the first half-chord accumulated” (prathamacapa- 
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jyardhamáa) when subtracted from the first half-chord give the remaining Rsine 
differences. 


Bhaskara is quite elusive in his general commentary on what these fractions are. 
He states that the first half-chord is their denominator: 


prathamajyardhamsas ca prathamajyardhena bhagam hrtva labdha yatha 
pancamsah, sadamsah 

And a fraction of the first half-chord is what has been obtained when 
one has divided by the first half-chord, just like “a fraction of five” (one 
fifth) and “a fraction of six” (one sixth). 


He also indicates that their is an “accumulation” of these fractions: this should 
be understood as meaning that they are added. These are the only two elements 
that are explained by Bhaskara in his general commentary. It is by following the 
effective computation of the first five Rsine differences that we get a clear idea of 
the computation he bears in mind, as we will see in the next section. 


I.2 Understanding the procedure 


Now, with the same notations as before, let 3 x 2” be the number of (unit) arcs, 
a, a quadrant is divided in, J; is the Rsine of ai, (0 < i € 3 x 2™). And let for 
i > 1, Ki = J; — Ji 1 be the Rsine differences (khanditardhajya). The computation 
of a given K;,,, knowing K; may be understood as follows: 


Step 1 "The segmented second half-(chord) is smaller than the first half-chord of 
a (unit) arc by certain (amounts)": Consider Jı — Ko. 


Assuming 
Ji = 225, 


Kə = J2 — Jı = 224. 


Then 
J, — Ky =1. 


We have noted above that even though this difference is considered to be 
one, it is always referred to in a plural form. This may indicate that this 
interpretation of Aryabhata’s verse has a flaw. It may also be an elliptic 
formulation, where the plural, in fact refers to Jo — Jı, or an indication that 
the computation considered here is a particular one: considered in all its 
generality, J; — K» can be higher than 1. 


Step 2 Compute a “fraction of the first half-chord”, that is the quotient of the sum 
of the first half-chord and of all the partial half-chords already computed (all 
the K;,2 < j € i) with the first half-chord. In other words, compute 


Jic » sols 
Ji f 
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If the non-integer part of the quotient is greater than a half, approximate the 
quotient by adding 1. 


This step is not given in Aryabhata’s verse, nor in Bhaskara’s general com- 
mentary. When computing, for example, the 4th sine difference, knowing that 
K3 = 222, Bhaskara writes: 


trayanam samyogah 671| asya prathamacapajyardhena 
bhagalabdham ardhadhikena trini rupani 

The sum of the three (partial half-chords) is 671. The division of 
that with the first half-chord of a (unit) arc (is made), the quotient, 
because it is greater than one half, is three unities. 


In other words J, + Kə + K3 is considered (J, = K being the short-cut 
adopted for the brackets.) We then have 


Jı + Ko + K3 = 225 + 224 + 222 = 671. 


Then a process of approximation is clearly described. In this case, the quo- 
tient considered is 


K, at KotKs _ 671 , 20 
T Jı ~ 995. * 995 


As EA 24 5, the whole quotient is approximately considered to be equal to 3. 


Step 3 "The res (segmented half-chords) are smaller (than the first half- 
chord, successively) by those (amounts) and by fractions of the first half-chord 
accumulated." In other words: 


Ji + K, 
Ka n- n - )- Yi AnKa Doi jJ. 


Ji TX Ld = Jj, 


Because 


we would have 


an et 
Kişi = A - fon — Kə) - Diez} 
1 
as stated in [Hayashi 1997a; note 5 p. 399]. 


For example, when computing the fourth sine difference, Bhaskara writes: 


tail, purvalabdhais ca tribhir unam prathamacapajyardham 
caturthajyardham bhavati| tac ca 219| 

The fourth (partial) half-chord is smaller than the first half-chord of 
(unit) arc, by these (three) and by the previously obtained fractions, 
and that is 219. 
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In a previous computation, the approximate quotient was given 


J1 + Ko 
Ji 


~ 2. 


So that here 


J, + Ko 
Ji 


J1 + Ko+ K3 
Ji 


Ka = J, — (Ji — K3)-( je ). 


Or numerically: 
K, = 225 — 1 — 2 — 3 = 219. 


This process is reiterated in order to obtain all K;'s for 1 < i < 3 x 2™. 


For a mathematical analysis of this computation, please see [Hayashi 1997a]. 


L3 Rversed sine 
Bhaskara ends this verse by declaring: 


eta evotkramenantyad arabhyotkramajyah 
These (partial half-chords, added) in the reverse order beginning from 
the last, are the utkramajya (Rversed sine). 


Although he does not elaborate, we can notice that since R = J3x2m, the last 
sine difference corresponds to R — J3x2m_ 1 which is the Rversed sine of the arc 
a(3 x 2™ — 1). By summing the differences of the half-chord in reverse order, we 
obtain in this way successively R — Jax2 3, R — Jax2m 3 etc. This (the segment 
R — Jj) is what bears the name utkramajyà or Rversed sine. This segment is 
often used by Bhaskara with other names: it is the arrow (sara) of the half-chord 
of a(3 x 2™ — 1) in BAB.2.11 for instance, or the penetration (avagahin) when 
considering two intersecting circles, as we can see in the commentary on verse 18. 


J BAB.2.13 


J.1 What Bhaskara says of compasses 


A pair of compasses appears among the tools quoted by Aryabhata in this verse. 
Aryabhata calls compasses a bhrama “a rolling (object)". Bhaskara calls it a 
karkata or karkataka, literally a “crab”. In his commentary on verse 13 Bhaskara 
gives only a brief explanation of this object9?: 


$0 [Shukla 1976; p.85] 
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$0 [Shukla 1976; p.85] 
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bhramagabdena karkatakah parigrhyate| tena karkatakena samavrttam 
ksetram parilekhapramanena parimiyate| 

With the word bhrama a pair of compasses (karkata) is understood. 
With that pair of compasses an evenly circular field is delimited by the 
size of the out-line (parilekha). 


Elsewhere he is slightly more specific. Thus in his commentary on the latter half 
of verse 9 of the chapter on mathematics, he writes?! : 


asmin ca viracitamukhadesasitavartyankurakarkatena alikhite chedyake. . . 
And in this diagram, which is drawn with a compass (karkata) for 
which a sharp stick (vartyankura) secured (sita) at the mouth spot 
(mukhadesa) has been arranged. . .. 


As we have noted in our supplement for verse 9, according to the meanings we 
give to vartt (or vartika; usually the wick of a lamp, a paint-brush or chalk) and 
to sita (has been fastened, white color), different readings of this description are 
possible, and hence different images of compasses appear. We also do not know 
what is a compass’ “mouth spot" (mukhadesa). The same difficulties arise when 
we read the short description in Bhaskara’s commentary on verse 119?: 


tatha ca paridhinispannam ksetram karkatakena viracitavartikamukhena 
likhyate 

And thus a field produced by a circumference is drawn with a pair of 
compasses whose opening (mukha) has a sharpened stick (viracitavar- 
tika). 


We have adopted the improbable reading of varti (or vartika that we have read 
as a synonym of the first) as “stick” by accepting Parame$vara's interpretation of 
the compound vartikankura. 


J.2 Parame$vara's descriptions of a pair of compasses 


Parame$vara is a well known as a prolific astronomical commentator of the XVth 
century®?. He wrote commentaries on Bhaskara II’s works as well as on the Arya- 
bhatiya®*. He also wrote a direct and a super commentary on Bhaskara I’s Maha- 
bhàskariya and a direct commentary on the same author's Laghubhaskariya??. 


The following excerpt has been extracted and translated from his own commentary 
to verse 13 of the mathematical chapter of the Aryabhatzya®: 


61/Shukla 1976, p.71] 

62/Shukla 1976; p.79] 

63See [CESS, Volume IV; pp. 187-192] 

64The first edition of the Aryabhatzya was published with his commentary: [Kern 1874] 
$5[Sastri, 1957] 

66[Kern 1874; p. 32] 
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“With a bhrama, that is, with an instrument (yantra) called a karkata 
a circle should be brought about. This is what has been stated: 


Having acquired any straight stick (yasti), having bound it, firmly, with 
a cord on its upper-part at the throat-spot (kanthapradesa), having also 
split (it, vertically) from the lower tip to the throat, (and thus) having 
made two sticks (salaka), one should make their two tips sharp ones. In 
this way is produced a karkata instrument having an under mouth (or 
opening adhomukham). Having further fixed a stick in the space be- 
tween the (previous) two sticks one should make a pair of compasses hav- 
ing a revolving opening (vivrttasya). Having made the karkata’s opening 
equal to the semi-diameter of the desired circle by moving up and down 
the stick which lies in the intermediate space, having laid the tip of one 
stick on the central spot of the circle to be brought about, having laid 
the other tip on the spot on circumference of the circle one should turn 
the karkata. That is the desired circle." 


An even more detailed description of the making of a karkata can be found in 
Parame$vara's super commentary to Govindasvamin's commentary of the Maha- 
bhaskariya. When glossing on verse 1 of the 3rd chapter of this treatise, which de- 
scribes the circular, flat setting where a gnomon should be placed, Govindasvamin 
writesÓ": 


evam dharatalasya samatvam avagamya 
mukhavinyastavartikankurasobhina karkatena vrttam alikhet| 

Having, in this way, brought evenness to the ground's surface, one 
should draw a circle with a pair of compasses (karkata) beautiful with 
a sharp stick (vartikankura) inlaid at its opening. 


Notice that Govindasvamin uses the compound vartikankura which is almost the 
same expression that we have found difficult to read in the Aryabhattyabhasya: 
Bhaskara used the compound vartyankura, and once the word vartika, probably 
as a synonym of varti. Parame$vara glosses the compound used by Govindasvamin 
extensively®®: 


“With the word karkata an instrument fit for bringing about the out- 
line (parilekhana) of a circle is meant. In this case, having acquired any 
evenly circular stick (yasti), having bound (it) firmly above its middle at 
the throat spot (kanthapradesa) with a string (rajju), and so on, having 
furthermore split (it) at its root, one should make it in such a way that 
below the throat (akantha) there are two equal sticks (salaka). After- 
wards one should make the tip of (each) stick a sharp tip (tiksnagra). 
This is called a ‘karkataka’. 


$7 [Sastri ; p.103-104] 
8 idem. 
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The intermediate space between is called “the compasses’ mouth (or 
opening)” (karkatasya). Afterwards, having taken another stick (salaka) 
whose width is bigger than the compasses’ sticks (galake), and whose 
length is several angulas, having cut its two tips, with a knife, one 
should make a revolving opening (vivrttasya). In this way, a stick hav- 
ing a mouth (mukha) at its two (tips) is called a vartikankura (a sharp 
stick). 


Furthermore, having made a revolving-opening-pair of compasses, hav- 
ing placed transversally the sharp stick in its opening, one should place 
the two sticks of the compasses on the two mouths (àsya) of the sharp 
stick. In this way, having acquired an instrument called a karkata adorned 
with a sharp stick placed at (its) mouth (mukha) one should draw a 
circle with it. Having made the compasses’ opening equal to the semi- 
diameter by moving the sharp stick up and down, having fixed one 
stick (srriga) in the middle of the circle one should turn the other one 
all around. When made in this way, the desired circle appears. 


Or else, with the word vartikankura another instrument is meant. When 
one has placed two iron sticks on the tips of the two sticks of a pair of 
compasses, that is vartikankura. A line is made with that." 


We have given a tentative illustration of Paramesvara’s two representations of 
compasses in Figure 32. 


Almost 800 years separate Parame$vara's and Bhaskara’s commentaries. Most 
probably compasses underwent technical changes during that lapse of time. Para- 
me$vara has left us a quite precise testimony of what he considered a pair of 
compasses. Bhaskara, on the other hand, never seems to have been prolific on this 
subject. We have therefore, rather than letting our imagination run free, echoed 
Parame$vara's compasses in our translation of Bhaskara’s descriptions. 


K BAB.2.14 


We will study here the meaning of Aryabhata's verse, attempt to understand the 
astronomical extension Bhaskara gives to it, and finally will indicate what we can 
understand of the different gnomons described by Bhaskara. 

K.1 Aryabhata's verse 


Verse 14 runs as follows: 


sankoh pramàanavargam chayavargena samyutam krtva| 
yat tasya vargamülam viskambhardham svavrttasya]| 
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yat tasya vargamülam viskambhardham svavrttasya]| 
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Figure 32: A pair of compasses as described by Parame$vara 
vartikankura 


a sharp stick 
or 
a stick having two mouths at its tips 


mouth 


mouth 


karkata karkata 


throat spot throat spot 


iron tips 
vartikankura 


under mouth 
or revolving 
opening 


Ab.2.14. Having summed the square of the size of a gnomon and the 
square of the shadow| 
The square root of that (sum) is the semi-diameter of one’s own circle|| 


'The situation described here is the following: a vertical gnomon and the shadow it 
casts form a right-angle triangle, if we consider the imaginary line that links the 
tip of the shadow to the top of the gnomon. This imaginary line is called "the semi- 
diameter of one’s own circle" (viskambhardham svavrttasya). This is illustrated in 
Figure 33. 


Probably, it is by analogy with the celestial sphere — in order to render the ratio, 
between the gnomon and the position of the midday sun, as we will see in the next 
section — that the concept of *one's own circle" (svavrtta) is developed. This circle 
is the one, having the tip of the shadow for center and the distance of the top of 
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Figure 33: A gnomon, its shadow and the “semi-diameter of one’s own circle” 
OG is the gnomon; OC is the shadow; the circle with C for center and CG for 
radius is “one’s own circle”. 


G 


= 


the gnomon to the tip of the shadow for radius. Bhāskara adds: 


svavrttaviskambhārdham nama chayagrad ārabhya śankumastakaprāpi 
sūtram| tatsütranusarena bhūmau drstim nidhaya śankumastakāsktam 
vivasvantam pasyati| 


The thread starting from the tip of the shadow and reaching the top 
of the gnomon is called “the semi-diameter of one’s own circle”. When 
one has set down the eye, along that thread, on the earth, one sees the 
sun adhering to the top of the gnomon. 


Because we have a right-angle triangle we can apply the so-called “Pythagoras 
Theorem” , stated in Ab.2.17.ab. The relation expressed in this verse can be written 
with our modern mathematical knowledge, using the notations of Figure 33: 


GC = y OG? + OC?. 


K.2 Understanding Bhaskara’s astronomical extension 


The astronomical idea behind the use of the gnomon is that the gnomon itself is 
parallel to the Rsine of the altitude of the sun at mid-day (Rsina), which is thus 
called by the same name (Sariku). Likewise, the mid-day shadow of the gnomon 
is parallel to the Rsine of the zenith distance of the mid-day sun (Rsinz), both 
are called chaya®®. This explains why verticality is an essential feature of the 
constructed gnomons: the zenith is by definition the point where the line passing 
through the observer and perpendicular to the horizon, touches the celestial sphere, 


69For a definition of the altitude, the zenith distance, the latitude etc., please see Appendix 
giving some elements of Hindu astronomy at the end of this volume. 
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Figure 34: A disproportionate representation of a gnomon and its astronomical 
interpretation. SuSu’ is the orbit of the sun on one particular day. Su is the 
position of the sun at mid-day. a is the altitude; z is the zenith distance. 


(aN 


above the observer. It is therefore the verticality of the gnomon that secures that 
it is parallel to the zenith and therefore to the Rsine of the altitude, and the 
horizontality of the earth where the shadow is cast, that secures that the mid-day 
shadow is parallel to the Rsine of zenith distance. In other words, as illustrated in 
Figure 34, SuS’uO and GOC should form similar triangles. 


Knowing the shadow (OC) at mid-day, that is when the sun is on the celestial 
meridian, and the size of the gnomon (OG) one can compute the Rsine of the 
altitude or the Rsine of the zenith distance with a Rule of Three. 


trairasikaprasiddhyartham- yady asya svavrttaviskambhardhasya ete 
Sankuc chaye tada golaviskambhardhasya ke iti $ankuc chaye labhyete 


And in this case, the stating of a semi-diameter of one's own circle is 
(made) in order to establish a Rule of Three: *If for the semi-diameter of 
one's own circle both the gnomon and the shadow (have been obtained), 
then for the semi-diameter of the (celestial) sphere, what are the two 
(quantities obtained)?" In that way are obtained the Rsine of altitude 
(Sanku) and the Rsine of the zenith distance (chaya). Precisely, these two 
on an equinoctial day are told to be the Rsine of colatitude (avalambaka) 
and the Rsine of the latitude (aksajya). 


In other words, with the same notations as before: 


SuS'u OS'u OSu 
OG | OC CG’ 


In this case, as stated in the Appendix on Some Elements of Indian astronomy, 
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Figure 35: Gnomon and Celestial sphere 


is the altitude 


z is the zenith distance 


the distance of the observer to the sun is taken to be equal to the radius of the 
celestial sphere, R = OSu = 3488. 


Bhaskara adds that other parameters may be computed with this extension of the 
rule stated in verse 14: 


chayaya gatikanayane, madhyahne chayaya ca suryanayane 
svavrttaviskambhardhasyayam eva vidhih| 


When computing the (time in) ghatikas by means of the shadow and 
when computing the (altitude of the) sun by means of the mid-day 
shadow, just that method (vidhi) (is used) for the semi-diameter of 
one's own circle. 


We do not know what was the procedure used to compute the time using the 
shadow of the gnomon, according to Bhaskara or Aryabhata. However, the above 
ratio can help us understand the sentence that follows: 


kintu chayaya ghatikanayane $ankuna karyam iti $ankur evanzyate| 
However, (this has been told): when computing the (time in) ghatikas 
by means of the shadow, (this) should be performed with the Rsine of 


altitude (Sanku); then just the gnomon (sariku) is computed. 


What should be understood here is that, knowing the Rsine of altitude and the 
gnomon, then the mid-day shadow can be computed. Using the above ratios, one 
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can reconstruct a probable computation: To compute the mid-day shadow, one 
uses the following ratio, where OC is the mid-day shadow: 


SuS'u  OS'u PEN OG x OS'u 

OG | OC |. SuS$'u 
SuS'u is the Rsine of the altitude, and OG the gnomon. OS'u is the Rsine of 
zenith distance, which does not seem to be requested. But the triangle OSuS'u is 
right-angled, so that with the “Pythagoras Theorem” we have: 


OS'u = VOS? — SuS'u?. 
OSu is the radius of the celestial sphere, which is a known constant R = 3438. 
So that finally: 


OG x (VOSw? — SuS'u?) 


OSs SuS'u 


In the same way, Bhaskara adds: 


samamandalacchayayà süryanayane sa eval madhyahnacchayaya 
süryaànayane natajyaya prayojanam iti chayaiva anzyate| 


When computing the (zenith distance of the) sun with the shadow of 
(the sun when it is on) the prime vertical (samamandala i.e. at mid- 
day), (it is) just like that; when computing the sun with the midday 
shadow, the Rsine of the zenith distance (natajya) is needed, in this 
way (iti) the shadow (chaya) is computed. 


I do not know what corresponds to the “shadow of the prime-vertical", nor what 
is the coordinate of the sun that was derived from it. But concerning the Rsine of 
the altitude of the sun, Bhaskara's sentence can be understood as indicating that 
one just needs to know the Rsine of the zenith distance and the mid-day shadow. 
We know from the above ratios, where O'S'u is the Rsine of the sun's altitude, 
that 


OSu — OS'u UTE OC x OSu 
CG OC CG ` 

OSu is the radius of the celestial sphere, a known constant, and OC the mid-day 

shadow. CG is the “semi-diameter of one's own-circle” and may not have been 


requested. But by Ab.2.14 we know that 
CG = y OG? + OC?. 


OG is the length of the gnomon and had a standard measure. In Bhaskara’s 
commentary it is always 12 angulas. So that in the end we would have 


OC x OSu 


OS'u = ——————. 
VOG? + OC? 
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Figure 36: A disproportionate representation of a gnomon on an equinoctial day 


The equinoctial mid-day sun is at the crossing point of the celestial equator and 
the celestial meridian. 


is the latitude Z' 


90- is the colatitude 
R is the radius of the celestial sphere. 


SuSu' is the Rsine of the observer's colatitude 


OSu' is the Rsine of the observer's latitude 


As we have remarked in the Appendix on astronomy, on an equinoctial day, the 
sun is on the celestial equator, so that the Rsine of altitude becomes the co-latitude 
and the Rsine of the zenith distance, the latitude of the observer and gnomon. This 
is illustrated in Figure 36. 


Bhaskara states this: 


tav eva visuvati avalambakaksajye ity ucyete| 

Precisely, these two (i.e. the Rsine of the sun’s altitude, and the Rsine of 
the sun’s zenith distance) on an equinoctial day are told to be the Rsine 
of co-latitude (avalambaka) and the Rsine of the latitude (aksajya) 


One can note here that all the values obtained by Bhaskara in the illustrative 
examples are approximations. 


K.3 Different types of gnomons 


Bhaskara describes three types of gnomons in this part of the commentary. These 
have been noted and studied by Yukio Ohashi in [Ohashi 1994; p.170 sqq]. Our 
translation differs at some times from his. This part has remained quite obscure, 
and we have just given some tentative representations of such gnomons. 
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K.3.1 The first gnomon 
The first gnomon described by Bhaskara is as follows: 


kecit tavad ahuh- dvadasangulasankur mulatribhage caturasro, madya- 
tribhage tryasrih, uparitribhage sulaakara iti] 

suksmatvad vigrahasya suksmayaikaya kotiya chayagrasya sulaksyatvac 
chesais ca dursampadatvad iti 


First, some say: ‘A gnomon of twelve arigulas has four edges on (its) 
lower third, has three edges on (its) middle third and has (the form 
of) a spear on its upper third. Because (the top of the gnomon) has a 
sharp shape and because it is easy to characterize a shadow by means of 
one sharp upright side and because it is difficult to acquire by all other 
(means, this is a good gnomon). 


From such a description, we do not know what indeed was the shape of the gnomon: 
for we do not know how the respective cube, triangular pyramid and the spear 
were arranged according to one another. A hypothetical reconstruction is given in 
Figure 37. 


We do not know how the different shapes (the cube, the pyramid and the spear) 
were arranged in respect to one another. Maybe the center of gravity of each object 
was on the same line, in which case the pyramid and the cube would have been at 
the center of the cube. Here we have assumed that they were all disposed along one 
vertical edge of the gnomon, which would therefore be the sharpest.The reasons 
why Bhaskara discards such a gnomon, namely that its verticality is difficult to 
ascertain, may suggest that indeed, the shape we propose here, is not correct. 


Yukio Ohashi understands the four edged solid to be a prism”. 


K.3.2 The second gnomon 
The second gnomon is described as follows: 


Apara Ghuh caturasraé caturdigam avalambakasadhanasambhavat 
kotidvayena chayagrahanad abhistakotyam dikgrahanasiddhir itil 


Others say: * (It should) have four edges because it is possible to bring 
about and secure with a plumb-line (avalambaka) four directions”, and, 
the knowledge of the direction (of the sun) is established, in the direction 
of any desired upright side, from the knowledge of the shadow, with two 
(opposite) upright sides". 


"O[Ohashi 1994; p.171] 
"1 Reading caturdigam rather than the caturdisam of the printed edition. 
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Figure 37: The first gnomon described by Bhaskara 


O 


e 


The problem we have in understanding this gnomon, is that we do not know 
exactly what the “directions” (dis), Bhaskara writes about, consist of. Bhaskara 
rejects this gnomon on the basis that it is difficult to construct, and then adds: 


tathapi pratiksanam süryasyabhimukhasthapanat punah punah sankor 
mukhacalanam kartavyam| tatha catisüksmadráas tavat (tavat abhista) 
abhistacchayatikranta syad iti dosas, etasmat parityajyo "yam api sankuh| 
anena eva sarvatra sankavah prayuktah| 


Then also because (it should) stand at every moment facing the sun, 
constantly the face of the gnomon should be made to move. But since, 
then, for (that gnomon) which at first seems exceedingly precise, the 
desired shadow will be slightly exceeding, (there is) a draw-back. There- 
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Figure 38: A hypothetical reconstruction of the second gnomon described by 


Bhaskara 


One sharp up-right (koti) of 
12 angulas 


fore, this gnomon also should be set aside. Gnomons are used everywhere 
with this very (form). 


We have made a hypothetical reconstruction of this gnomon, with its shadow 
“facing the sun” in Figure 38. With such a reconstruction, the reference to the 
shadows of two opposite directions makes sense: one appears on the plane in the 
middle of the gnomon, the other, parallel to it, and to the two others on the 
ground. Why and how the shadow was considered to be “exceeding”, I do not 
know. 

Yukio Ohashi gives a very different understanding of this gnomon”: 

A right prism [whose four sides are] directed towards the four directions. 
For ascertaining the verticality, the shadow of two uprights are made 
coincided (sic), and the direction [of the sun] is ascertained to be in the 
direction of this desired up-right. 


72 [Ohashi 1994; p.171] 
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As he does not give any illustration of such a gnomon, we do not understand 
how the prism is oriented “toward the four directions”, nor what are the uprights 
considered and how they are made to coincide with each other. 


K.3.3 The gnomon of Aryabhata’s followers 


Bhaskara gives the following description of a gnomon according to the “followers 
of Aryabhata (Aryabhatiya): 


aryabhatiyah svamatam abhininisthapayisavo vyavarnayanti| 

tad yatha- pragastadartimayo hy asusiro rajigranthivranavarjito bhra- 
masiddho mülamadhyagrantaralatulyavrtto nalpavyaso nalpaayamaés ca 
pragastah| 

tribhig caturbhir và avalambakair asya rjusthitih sadhayitavyd| 


The followers of Aryabhata, wishing to ground firmly their own thoughts, 
describe (a gnomon) as follows: 


The best (gnomon) indeed is made of excellent wood, has no holes, 
is without streaks, knots or fractures; is produced (siddha) with a pair 
of compasses (bhrama), has the shape of a circle which is the same 
at the base, the middle, the top, and in the intermediate space; has 
a big diameter (vydsa) and a big length (ayama). Its vertical position 
(rjusthiti) is to be secured with three or four plumb lines. 


Thus we understand that it is a solid cylinder. 


Bhaskara explains then a method to secure verticality: 


Sankum mucce pradese niscalam nidhaya avalambakena 
Sankumilamastakayor madhye vijnaya tadagrasaktam 
prasaryobhayapargve ca lekhe küryad| etad ubhayaparsvamadyalekhe, 
tatah punar api karkatakena lohena muülagramadhyasütrabhyam mat- 
syam utpadya $esamadhyalekhasadhanam| 


When one has placed the gnomon, firmly, on an elevated spot, having 
found the two middle points of the gnomon's base and top respectively, 
and having extended a thread fixed to its tip, one should make two lines 
on each side (parsva). These are the two middle lines (madhyalekha) 
on each pair of sides; then, once again, having produced, with a pair 
of iron compasses (karkata), a fish from the two middle threads (which 
went through) the base and the top, one secures the remaining (two) 
middle lines. 
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Bhaskara also adds on the top a stick, so as to make the shadow of the gnomon 
as precise as possible. We have not quite understood exactly the construction 
described here with several threads. A hypothetical reconstruction of this gnomon 
is given in Figure 39. 


Overall a thorough study of the different types of gnomons, and of the meaning 
of this part of Bhaskara's text, is still needed. 


L BAB.2.15 


L.1 Understanding the rule 


The situation described by Aryabhata’s rule is the following: A gnomon (sariku, 
DE) casts a shadow (EC), produced by a source of light (AB). This is illustrated 
in Figure 40. 


The geometrical figure formed by the source of light, the ray of light and the tip 
of the shadow is a right-angle triangle (ABC). The height of the source of light, 
is referred to as the base (bhuja), and the space between the foot of the light and 
the tip of the shadow is also called the upright side (kot). The gnomon (DE) is 
parallel to AB: its tip, D, lies on the hypotenuse of the triangle and its foot (mila), 
E, lies on the upright side. BE is the distance between the source of light and the 
gnomon. The rule given in this verse can be written with the above notations as 


BE x DE 


Ee 
o> Seo DE 


This relation is interpreted by Bhaskara as a Rule of Three: 


etatkarma trairasikam| katham? sankuto 'dhikaya uparibhujaya yadi 
Sankubhujantardlapramanam chaya labhyate tada $ankuna keti chaya 
labhyate| 

This computation is a Rule of Three. How? If from the top of the base 
which is greater than the gnomon, the size of the space between the 
gnomon and the base, which is a shadow, has been obtained, then, 
what is (obtained) with the gnomon? The shadow is obtained. 


With the same notations as before, what is stated is that the ratio of AD to 
BE(=DF) is equal to the ratio of DE to EC. In other words: 


EC _ BE 
DE AB-DE 
If AF on the segment AB represents the distance AB — DE, this ratio and the 


relation given in the verse can be understood as resulting from the similarity of 
the triangles AFD and DEC. 
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Figure 39: A hypothetical reconstruction of Aryabhata’s followers’ gnomon. 


First two middle-lines constructed 
with a thread. 


Second pair of middle-lines 


constructed with a pair 
of compasses. 
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Figure 40: A schematized gnomon and a light 
vl 
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L.2 Procedure 


The procedure as it appears in the first versified problem of BAB.2.15 can be 
summed up by the following steps: 


Problem Knowing the height of the light, and the distance separating it from a 
gnomon of 12 angulas, find the length of the shadow cast by the gnomon. 


Stepl Multiply the distance between the gnomon and the light by the height of 
the gnomon (BE x DE). 


Step 2 The difference of heights between the light and the gnomon (AB — DE) is 
the divisor of the previous product. 


In fact Bhaskara in his commentary, treats all the cases that can appear when a 
source of light, a gnomon and a shadow are considered. Verse 15 gives a way of 
finding the length of the shadow knowing the height of the light, of the gnomon, 
and the distance separating both. 


In a second versified problem of BAB.2.15, Bhaskara considers another type of 
problem: knowing the length of the shadow (EC) cast by a gnomon of 12 angulas 
produced by a source of light of a known height, find the distance (B.E) between 
the light and the gnomon. Bhaskara quotes here the first half of Ab.2.28, which 
gives a rule to reverse procedures: 


gunakara bhagahara bhagaharaste bhavanti gunakarah| 
(In a reversed operation), multipliers become divisors and divisors, 
multipliers| 
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In the “procedure” (karana) part of the resolution, he explicitly presents the res- 
olution as a way of undoing the computation given in Ab.2.15: one first reverses 
Step 2 by multiplying by the difference of heights (AB — DE), then Step 1 is 
reversed by dividing by the length of the gnomon (DE). 


In the third versified problem given by Bhaskara here, the length of the shadow 
(EC) cast by a gnomon of 12 arigulas and the distance separating the gnomon and 
the light (BE) are known, the height of the light on a pole (AB) is sought. 


'The resolution here does not use Ab.2.15 at all, but the latter part of the following 
verse, Ab.2.167?: 


Sankuguna kott sa chayabhakta bhuja bhavati 
That upright side, having the gnomon for multiplier, divided by (its) 
shadow, becomes the base || 


Bhaskara reformulates the versified problem in order to show how this rule should 
be applied: 


Sankubhujavivarayuktacchaya kotir bhavatite 
the shadow increased by the space between the base and the gnomon is 
the upright side. 


In other words, as in Ab.2.15, AB is the base, BC = BE+ EC is the upright-side. 


We can notice that the successive examples solved in this part of the commentary 
do not function to explain or propound the relation given in Ab.2.15 specifically. 
They rather seem to examine all the aspects of a given type of problem: with a 
light on a pole, a gnomon and a shadow, according to the initial values known, 
different procedures are given in order to deduce the missing values. 


M BAB.2.16. 


M.1 Aryabhata's rule 


The rule given by Aryabhata in Ab.2.16 involves two computations. This may be 
understood as follows, according to Bhaskara’s interpretation. Let AB be a light 
disposed on a pole (yasti) whose tip is in A, CD a first gnomon, C'H its shadow, EF 
a second gnomon, whose height is the same as C D, EI its shadow. So the distance 
between the tips of the two shadows is HT. The distance between the foot of the 
light and the tip of any of the two shadows (BH and BI), called in Aryabhata's 
verse “the decrease" (una), is also referred to as “the earth within the boundary 
(defined by the foot of the light and the tip of the shadow)" (avasanabhümi). This 
is illustrated in Figure 41. 
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Figure 41: A source of light with two gnomons 
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Ab.2.16.ab thus gives a rule to find the distance between the foot of the light and 
the tip of any shadow, knowing the distance between the tips of the two shadows, 
the length of one shadow and the difference in length of both shadows. 


As in BAB.2.15, the height of the light on a pole is also called the base (bhuja). 
The distance between the foot of the light and the tip of any of the two shadows 
is also called the upright-side (kot). Therefore, the presence of two right-angle 
triangles (ABH and ABT) is emphasized by underlining. 


'The generality of the rule, for it applies for either one of the two gnomons, is 
specified by Bhaskara: 


tad yadi prathamacchayaya gunitam tada 
prathamacchayagrayastipradipantaralam bhavati, dvitiyaya chayaya 
yadi tadagrayastipradipantaralam, 

If that (difference) is multiplied by the first shadow, then (the result of 
the computation) becomes the space between (the foot of) the light on 
a pillar and the tip of the first gnomon('s shadow). If that (difference) 
is multiplied by the second shadow, (then the result becomes) the space 
between the light on a pillar and that (shadow's) tip. 


So this computation can be written as” 
HIxCH 
BH = 
EI—CH' 


73Please see the supplement for BAB.2.16. (Volume II, M on the facing page, for an analysis 
of the use of the rule in this situation 
74Tn all cases the examples treated by Bhaskara considers EI > CH. 
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and 


These equalities may be understood because of a set of similar triangles: ABH 
and CDH are similar, therefore 


AB BH 

CD CF 
ABI and EFI are similar so: 

AB BI 

FE EI 


And since CD=EF 


BH BI BI-BH 
CH EF OEIRZUH 


The second rule given by Aryabhata in the second half of the verse is: 


sankuguna kott sa chayabhakta bhuja bhavatil| 


That upright side, having the gnomon for multiplier, divided by (its) 
shadow, becomes the base || 


With the same notations as before: 


| BHxCD  BIxEF 
CO UH o ED ~ 


AB 


'This derives directly from the similarity of triangles and the corresponding ratios 
as stated above. Ab.2.16.cd gives a rule to find the height of the source of light, 
knowing the distance between the foot of the light and the tip of any shadow, and 
the length of that same shadow. Therefore this rule can be applied in the case 
where only one gnomon is considered: this may explain why it is illustrated in the 
commentary of verse 15. 
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Another remark is given by Bhaskara: 


chayadvayam api tatkotibhyam prasadhyate| 
The two shadows also are brought about using their two upright sides. 


This remark we can understand in other words as stating that if BH and BI are 
known, both CH and EI can be found. 


As this statement is not further developed we can just note here a way of imagining 
how they were found: the shadows, may have been obtained by reversing the rule 
given in Ab.2.16.ab. Instead of deriving the upright-side from one of the shadows; 
one of the shadows is found, knowing one of the upright sides (BH or BI), EI-CH 
and HI, then: 


_ BH x (EI - CH) 
B HI i 


CH 


s SEPSA 
HI 


We can note however that if AB is known, then by similarity of the triangles 


EF x BI 
EI = ——— 
AB ^" 
and 
CDx BH 
BS 
G AB 


In this case the uprights of the shadows that are referred to would be the heights 
of the gnomons EF and CD. Now in BAB.2.14 the right-angle triangle formed of 
a gnomon, its shadow, and the “semi-diameter of one’s circle”, calls the length of 
the gnomon the “upright side”. 


M.2 Astronomical misinterpretations 


Bhaskara takes care here to explain how this verse and the previous (Ab.2.15) 
should not be interpreted astronomically. Many of the arguments he has given 
remained obscure to us: we will note here what we have understood and what we 
haven't. 


Bhaskara, in order to justify that Ab.2.16 should not be used to find the distance 
between the sun and the earth, first mentions verse 39 of the fourth Chapter of 
the Aryabhatiya (the golapada, chapter on the sphere). This verse computes the 
length of the *shadow of the earth": 
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Figure 42: The shadow of the earth 
Sun 


Earth 


bhūravivivaram vibhajed bhügunitam tu ravibhüvisesena] 
bhücchayadirghatvam labdham bhugolaviskambhat 

One should divide the distance of the earth to the sun multiplied by the 
diameter of the earth by the difference between (the diameters of) the 
sun and the earth| 

The quotient is the length of the shadow of the earth from (the middle 
of) the diameter of the sphere of the earth|| 


Let dı be the diameter of the sun, d» the diameter of the earth, a the distance 
between the sun and the earth, b the shadow of the earth. This is illustrated in 
Figure 42. 


We can write the computation given in the rule as 


a X də 
b= 3 
diccds 


In Ab.1.7 Aryabhata states the diameters of the earth and the sun: dz = 1050 
yojanas (zz 14360 km”) and dı = 4410 yojanas (~ 60330km"9). The distance 
between the sun and the moon is given by Some$vara in his commentary to Ab.4.39 
as being 3360 yojanas (~ 459585 km), consequently the value found for b is 143620 


"5 Considering that a yojana is roughly 13.68 km. For information, we consider today that the 
diameter of the earth is 12756 km 
"6'Today we consider the diatemeter of the sun to be 14.109 km. 
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yojanas (= 19666472km""). 


As we have noted in a footnote in the main translation, we do not know what 
was Bhaskara’s commentary on this verse, but in fact, his commentary on Ab.2.16 
looks very much like an explanation of Ab.4.39. 


He first gives an interpretation of Ab.4.39 in terms of “gnomons and light on a 
pole”, in which the diameter of the earth, dz is considered as the gnomon, the 
diameter of the sun d; is the height of the light, and a is the true distance between 
the sun and the earth. Because the computation described in Ab.4.39 differs from 
the one used when reversing Ab.2.15 and described in BAB.2.15, the latter is 
disqualified for the computation of the distance between the sun and the earth: 


bhüh sankuh, raviyojanakarnah sankubhujavivaram, 
sakalajagadekapradipo bhagavan Bhaskarah svayam eva 
pradipaucchraya ity ato vivasvadavanitalantaralayojananayanam 

na ghatate, ‘bhtiravivivaram’ iti siddhanam eva yojananam upadesat| 


The (diameter of the) earth is a gnomon, the true distance (karna) in 
yojanas to the sun is the distance between (this) gnomon and the base, 
the (diameter of the) glorious sun which is the unique light of the whole 
world, is itself the height of the light. It follows that the computation of 
the yojanas which make the distance between the sun and the surface of 
the earth is improper, because of the teaching of the yojanas that have 
already been established from the “distance between the earth and the 
sun". (Ab. 4. 39) 


In the paragraph following this interpretation, Bhaskara makes an obscure state- 
ment, in which he seems to state that the distinction between the true sun and the 
mean sun, disqualifies the second part of Ab.2.16 for giving a way of computing 
the diameter of the sun. 


Bhaskara takes additional care to distinguish the case treated in Ab.4.39 both 
from Ab.2.16, and Ab.2.15. Concerning Ab.2.16 he notes that the configuration as 
illustrated in Figure 42 does not have two gnomons. 


As for Ab.2.15 this results from the sphericity of the earth, as illustrated in Figure 
43:the first quarter of verse 6 of the Chapter on the sphere says that the earth is 
a globe (vrtta)"5. 


Bhaskara also speaks about the difficulties that would arise from considering a 
literally huge gnomon whose shadow would not be properly horizontal because of 
the natural asperities of the earth. Other obscure parts concern the use of Ab.2.15 


“For information, today we consider that the distance between the earth and the sun is 150.108 


km. 
T8See [Sharma&Shukla 1976; p.118] 
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Figure 43: Sphericity of the earth 
Sun 


gnomon 


Earth 


to compute the distance between two cities Lanka and Sthanesvara. Two other 
statements are given as improper at the end of the commentary without any expla- 
nation. We can note here that angulas are much smaller than yojanas, considering 
that a gnomon of 12 angulas could give shadows in yojanas is nonsensical. 


M.3 UÜjjayinī, Lanka and Sthanesvara 


From the midday equinoctial shadow of a gnomon, Bhaskara computes here the 
latitude of Ujjayini and Sthaneévara. From these latitudes he deduces the distance 
in yojanas of these cities to Lanka. These three towns are well known to Sanskrit 
astronomical literature. By definition, Lanka is on the intersection of the meridian 
passing through Ujjayini and the equator. 


We will, without quoting the text itself, retrace the computation which was made. 


M.3.1 Finding the Rsine of Latitude 


This operation uses the method described in BAB.2.14 (which we have explained 
in the Annex of this commentary). Knowing the midday equinoctial shadow of a 
gnomon (G) of 12 arigulas, with a Rule of Three using the radius of the celestial 
sphere (R), 3438 yojanas, we can find the Rsine of Latitude (RsinQ)for both of 
these places. 


a Ujjayint The length of the equinoctial midday (Cy) shadow is 5 arigulas. The 
length of the “semi-diameter of one’s own circle” (Ry) is therefore according to 
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Ab.2.14: 
Ry -4/G? + CP = V 122? + 5? = 13. 
With a Rule of Three the Rsine of Latitude for Ujjayint (Rsindy) is deduced: 


4 
COX Ror 5X IR dgy A: 


Rsin$y = Ru 13 33 


b Sthanesvara With the same type of notations as before (with “S” as super- 
script), since Cg = 7: 


Rs —4/G? + C2 = V 122 + 72 = V193. 


The result obtained is an irrational number: we do not know how it was approxi- 
mated. By assuming that v 193 ~ 14 we have 


CsxR_ 7x 3438 


Rsingds = ER id 


= 1719. 


M.3.2 Interpolating the Rsinus 


In the second half of verse 2 and the first half of verse 3 of the second chapter of 
the Laghubhaskariya, a method is given to compute an Rsine from a given length, 
using the table of Rsine differences given in Ab.1.12. This method is translated, 
explained and discussed in [Shukla 1963; p. 16sqq]. From it we can deduce a method 
to interpolate the arc whose Rsine we have found, however the results found with 
this method do not correspond to the values given by Bhaskara. We do not know 
what method he used. We can note, concerning the latitude of Sthanesvara, that 
the value we have found for Rsindg, which depends on the approximate value 
chosen for /193, is 1719. This we know is the Rsine of 30 degrees, as it was stated 
as such in BAB.2.11. The value given for the latitude of Sthanesvara is however 
30°15’. The value given for the latitude of Ujjayini is 22°37’. 


M.3.3 The distance in between Ujjayini, Lanka and Sthanesvara 


From what we know of these cities, the distance from Ujjayini to Lanka would be 
the measure in yojanas of that portion of the terrestrial meridian lying in between 
Ujjayini and the equator: that is a transfer to a value in yojanas of the latitude 
found previously. Using the procedures and values given in this commentary, we 
know that the diameter of the earth is 1050 yojanas. Using BAB.2.10 we can 
deduce the circumference (parinaha) of the earth (p) in yojanas: 


62832 x 1050 34 
pio NO ey 0) eee 
ae 20000 us 
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We can use then a Rule of Three: the ratio of 360 degrees to the circumference of 
the earth in yojanas is the same as the one from the latitude in degrees of Ujjayint 
(22°37’) to the distance (dy) to Lanka in yojanas. Converting the values in degrees 
into minutes, we thus have 


p x ou 
= ~ 207.4. 
U ~ 21600 


The value given by Bhaskara is 207 yojanas. 


Assuming that Sthàneévara is on the same meridian as Ujjayini, the distance of 
Sthane$vara to Lanka (dg) is therefore the distance covered by the meridian from 
Sthane$vara to the terrestrial equator. With the same reasoning as before, 


| px os 


S = 1600 ~ 274.9. 


The value given by Bhaskara is 275 yojanas. 


N BAB.2.17 


N.1 The *Pythagoras Theorem" 


Ab.2.17.ab states the so-called “Pythagoras Theorem" in a right-angle triangle. 
Bhaskara adds in the resolution of example 1: 


evam adhyardhasriksetre ayatacaturasraksetre va karno yojyah 
In this way, the diagonal should be considered in a field with an addi- 
tional half side (adhyardhasriksetra) or in a rectangular field. 


We do not know what the field “with an additional half side" (adhyardhaáriksetra) 
is, as no illustration is given by the commentator. This compound may be con- 
nected to the one used in the commentary of Ab.2.17.cd?: ardhatryaériksetra (a 
half and a trilateral), which may be referring to the type of field considered within 
a circle of a right-angle triangle whose upright-side is extended along a diameter, 
as illustrated in Figure 44. 


The additional half side would then be the semi-diameter. Indeed, Bhaskara writes, 
concerning the trilateral field: 


ya eva dvitiyo mahasarah sa eva vamsabhangapade 
ardhatryasriksetrakarena vyavasthitah| 


That very second large arrow, in the quarter of verse on the breaking of 
a bamboo, is determined as the shape of semi- (diameter and the side 
of) a trilateral field (ardhatryaáriksetra). 


79 [Shukla 1976; p. 98, line 13] 
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Figure 44: A right-angled triangle with an additional half-side? 


As we will see concerning the interpretation of the second half of verse 17, the 
“large arrow” is the segment made of the upright side of the right-angle triangle 
extended by the semi-diameter. The trilateral with an additional half-side referred 
to here would not be the one illustrated in Figure 45. The latter considers a right- 
angle triangle having a half-chord for side. The other half of the chord would be 
the additional half. 


Figure 45: A triangle with the other half of the chord 


N.2 Two arrows and their half-chord 
The second half of Ab.2.17 states the following relation: 
urtte Sarasamvargo ’rdhajyavargah sa khalu dhanusoh|| 


Ab.2.17.cd. In a circle, the product of the arrows that is the square of 
the half-chord, certainly, for two bow (fields) || 
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Figure 46: Arrows in a circle 


E 


C 


In other words, let a circle of center O have AB a diameter, and CDE a chord. 
'This is illustrated in Figure 46. 


We can understand the verse as stating that: 
DE? = AD x DB. 


The two “bows” are thus the two arcs formed by CE. This property derives from 
the similarity of triangles EDB and EDA. 


A certain number of traditional problems are solved with this relation. 


N.2.1 Rat and Hawks, Breaking Bamboos and Sinking Lotuses 


a The Problems With the same notation as before, we can state the variety of 
problems given here as follows. This is illustrated in Figure 47. 


Hawk and Rats A hawk on a height, E D, sees a rat in A whose hole is in D. The 
rat, seeing the hawk attempts to run back to his hole, but the hawk flying 
along EO kills the rat at O. Both the distance crossed by the hawk and the 
distance missing for the rat to reach his hole are sought. 


Broken Bamboos A bamboo of height AD is broken by the wind, it hits the ground 
at E. The distance between the root of the bamboo and the broken tip is 
ED. The bamboo is thus formed of two parts, AO and OD, that are sought. 


Sinking Lotuses A lotus is seen above the water, the flower itself being of height 
DB. It is pushed by the wind for an extent of ED before it sinks. Both the 
level of the water, OD, and the total size of the lotus, OE are sought. 


N. BAB.2.17 103 


Figure 47: Hawks and Rats, Broken Bamboos and Sinking Lotuses 
E 


C 


In other words, the general problem treated here is knowing ED and one of the 
two arrows (AD or DB), both the radius of the circle (EO — AO) and OD are to 
be found. 


b procedure Bhaskara states the link between a right-angle triangle and this 
property of segments within a circle, then relates the computation given in Ab.2.17cd 
to the “rat and hawk problems” ®©. 


'This computation rests on the fact that 
- DE? 
|» AD" 


This is a direct consequence of the computation given in Ab.2.17.cd. 


DB 


Bhaskara then quotes Ab.2.24. This rule gives a computation called samkramana 
which is discussed in the supplement for BAB.2.24. 


Precisely, we have 


poo Ee, 
2 

AD — DB 

a RE 


'The first equality computes the radius of the circle ADEDE, the second one derives 


from the fact that OD is the radius of the circle decreased by DB. 


Bhaskara does not explain in all generality the link Ab.2.17.cd bears with “broken 
bamboos”, but he considers it a simple variation of “rat and hawk” problems?!. 


80See BAB.2.17cd. [Shukla 1976; p. 198, line 3-14] 
81See the resolution of example 4 [Shukla 1976; p. 100, line 13-15] 
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Figure 48: Fish and Cranes 


N.2.2 Fish and Cranes 


The “fish and crane” problems are slightly different as the setting is in a rectangle. 


The problem exposed goes as follows, and is illustrated in Figure 48. 


A fish is at one corner of a rectangular tank (E) and a crane at another (G). The 
fish crosses the tank diagonally (EO) while the crane walking along the sides of 
the tank (GF and F D) catches the fish in O where he is eaten. It is assumed that 
the paths of the fish and the crane have the same length (EO = GF + FO in 
lengths). It is also assumed that GF = AF. Knowing the sides of tank, and the 
respective places of the fish and the crane one should find the length of the paths 
of the animals (EO), and the distance separating the fish, when it is killed at one 
corner of the tank (OD or OF). 


Bhaskara relates this situation to the rule given in Ab.2.17.cd as follows: 


matsyabakoddesakesv apy evam evayatacaturasraksetrasyaiko bahur 
ardhajya, bahudvayam mahàasarah, esam müsikoddesakavat karma| 

In fish and crane examples, exactly in the same way also, the half-chord 
is one side of a rectangle (ED). The two sides are the greater arrow 
(GF + FO = AO), what remains is (as) the method for rat and hawk 
examples. 


So that, if we imagine a circle having O for center and EO for radius, as illustrated 
in Figure 48, the same procedure as the one for “rats and hawks” will produce 
both the radius of the circle AO — EO and OD. 
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Bhaskara adds at the end of example 8: 


parsvapatite $eso daksindparakonapraptir matsyasya| 


When the remaining portion of the side is subtracted from the side, 
the remainder is what (was left) for the fish to reach to the south-west 
corner. 


In other words, FO = AO — GF, since AF = GF. 


O BAB.2.18 


The rule given by Aryabhata in Ab.2.18 concerns two intersecting circles. Bhaskara 
interprets it as concerning an eclipse. The mathematical situation supposed can 
be described as follows. 


Let two circles intersect in G and F. ABCDE is the straight line, passing through 
their respective centers, where AD is the diameter of one circle, BE is the diameter 
of the second circle and C the point of intersection of that line with the segment 
[GF]. The grasa is the segment BD. This is illustrated in Figure 49. 


Figure 49: T'wo intersecting circles 


The arrow of the circle AD for the penetrating circle BE is BC. Since AD— BD = 
AB and BE — BD = DE it is equal to 


|. ABx BD 


BOE BRIDE: 
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BOE BRIDE: 


106 Supplements 


And in the same way, for the circle BE: 


DE x BD 
CD = ——_.. 
AB+DE 


The ratios linking the segments of the diameters of intersecting circles, with the 
same notation as before, may be written as follows(BC + CD = BD): 

BC CD BD 

AB DE AB+DE 


These relations are the key to the rule given in the verse. In this part, Bhaskara 
does not state them with a Rule of Three as he usually does. He states that the 
arrow is inversely proportional to the diameter??. He also relates the *curving" of 
the arc and the diameter of the circle. Both explanations are given one after the 
other. They underline the relation between arrows and diameters, a mathematical 
interpretation of the word parasparatah (one and another) used in the commented 
verse. 


'The astronomical context of the verse may be seen through the only versified prob- 
lem solved in BAB.2.18. It is also given in the following statement by Bhaskara: 


dve vrtte, grahyagrahakamandaladvayam 
dve vrtte, that is two circles , which are the seized and the seizer. 


An eclipse (grahana) or “seizing” involves a seized planet (grahya) and a seizer 
(grahaka). In the case of moon eclipses, a demon, Rahu, is said to swallow the 
moon. The extent of the eclipse is measured by the length of the grasa, which 
literally means “a mouthful”. Let us note here that computing the “arrows” of 
the penetration gives segments of the right-angle triangles FBC and FDC (resp. 
GCB and GCD), from which the extent of the eclipse (FG) may be deduced. 


P BAB.2.19-22 


This set of commentaries concerns the rules for progressions and series in the 
mathematical part of the Aryabhatzya. The progressions considered are arithmeti- 
cal ones. Special attention is given either to the sequence of the natural numbers or 
to the sequence of their squares or cubes. A gredhi (series) is defined from the first 
term of this sequence (mukha) and its common difference (uttara, lit. increase). 
'The terms of the sequence, and the number of terms of the sequence considered, 
are both called by Aryabhata pada. Bhàskara calls the latter gaccha. Different 


82From the above equalities we know that BC (resp. CD) is inversely proportional to DE 
(resp. AB), which itself is proportional to the semi-diameter. 
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82From the above equalities we know that BC (resp. CD) is inversely proportional to DE 
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sums of these terms are considered, which all bear the name dhana (value). Be- 
cause the mathematical computations concerning the sequence always concern the 
sum of a finite terms of the sequence, sredhi is translated as “series”. If a finite 
number of terms of the sequence is considered, their sum is called the “whole 
value" (sarvadhana). madhyadhana is the “mean value" of the whole sum. 


P.1 Ab.2.19 


Bhaskara interprets this rule in a very special way. Apparently three rules are 
given but the first one should not be read literally here. According to Bhaskara's 
interpretation, the mean value is obtained, as shown below, by omitting the in- 
crease by the “previous term”. In fact Bhaskara by omitting certain terms reads 
five rules, in Ab.2.19, that we will expose here. 


P.1.1 The mean value 


This rule is stated in the first half of Ab.2.19, omitting the computation “increased 
by the previous (number of terms)” (sa-pürva): 


istam vyekam dalitam uttaragunam samukham iti 
mdhaydhananayanartham sütram| 

“The desired (number of terms) decreased by one, halved, having the 
common difference for multiplier, and increased by the first term”, is 
the rule in order to compute the mean value. 


With a modern mathematical notation, let (U;) be an arithmetical progression of 
first term (mukha) U1, of common difference (uttara) a. Let the “desired number 
of terms" (ista) be n. By definition the mean value (madhyadhana), M, of n terms 
is 

izUi 


TL 


M= 


M can be computed as follows, according to the rule read in Aryabhata’s verse by 
Bhaskara: 
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P.1.2 The value of all terms 


By considering the middle part of Ab.2.19, Bhaskara gives a rule to compute the 
sum of terms in an arithmetical progression: 


‘madhyam istagunitam istadhanam’ iti gacchadhananayanartham 
“The mean (value) multiplied by the desired (number of terms) is the 
value of the desired (number of terms)”, is (the rule) in order to compute 
the value of the (desired) number of terms (gaccha). 


With the same notation as before: 


S RIUAMxnm. (7) 


P.1.3 The partial mean value 


Two interpretations are given of this rule by Bhaskara: both rest on the ambiguous 
meaning of dhana (value) which can apply to the term of the series (and thus refer 
to a sum) or to a term of the sequence. A problem occurs because of the discrepancy 
between Shukla's interpretation of the general rule and the manuscripts, all of 
which are noted in the main translation. 


By omitting the final word evoking the mean value, out of the first half of Ab.2.19, 
the commentator deduces the following rule: 


‘istam vyekam dalitam sapurvam uttaragunam samukham’ ity 
antyopantyadidhananayanartham 

"The desired (number of terms) is decreased by one, halved, increased 
by the previous (number of terms), having the common difference for 
multiplier, and increased by the first term", is (the rule) in order to 
compute the value of the last, the penultimate, etc. (terms). 


This rule can concern the mean value, Mn, of the sum of n terms (ista: the desired 
(number of terms)) starting with Up+ı —p being the previous (pürva) number of 
terms. By definition 


+n 
M, = Diep li 
n n * 
'This rule would give: 
—1 
Mm, [3 +p] xat. (8) 
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If the desired number of terms is 1, this means that the value of one term is 
computed. 


The word dhana which literally means “wealth”, and which technically in math- 
ematics can mean “ value of the terms of a series” or the “value of the terms of 
the sequence”, collects these two meanings here. 


In Example 3, which is the only example to illustrate this rule, the former compu- 
tation is deduced from the first general rule given. The conditions of this example 
are summed up in the “setting down” (nyàsa) part of the solved example: 


nyaàsah- adih 7, uttara 11, gacchah 25| 
setting down: the first term is 7, the common difference is 11, the number 
of terms is 25. 


'The first part of the resolution seems to describe, in this specific case, how the 
general rule for the mean value of partial sums may be analyzed to compute the 
value of specific terms: 


karanam- istam paricavimáéati-( Edition reads vimgatih) 25, püranam padam 
ekam iti ekam rüpam 1, etad eva vyekam Sstinyam 0, etad eva sapürvam 
iti Sunyena ksipta caturvimsatih 24, uttaragunam 264, 

samukham 271, etad antyadhanam| 

procedure: the desired (term) is the twenty-fifth term only, and therefore 

it (the desired number of terms) is one, 25 ; one is unity, 1. Precisely, 
this decreased by one is zero, 0. Precisely this is “increased by the pre- 
vious” (here 24), it is increased by zero, and therefore twenty-four, 24, 
“having the common difference for multiplier” , 264, is “increased by the 
first,” 271, this is the ultimate value. 


In other words, in the case examined, the number of desired terms, n, is equal 
to 1. If we substitute 1 for n in the general computation of mean partial sums 
considered before, then we have: 


(4) 
2 


Ua = Mi = | +p| xatu = (0+) xoti. 

K.S. Shukla gives a different interpretation of this rule. Although all manuscripts 
read dalitam (halved), he omits this word from the rule given here (see p. 105, line 
14-15 and note 3), and thus reads: 


"istam vyekam sapurvam uttaragunam samukham’ ity 
antyopantyadidhananayanartham 

“The desired (number of terms) is decreased by one, increased by the 
previous (number of terms), having the common difference for multi- 
plier, and increased by the first term”, is (the rule) in order to compute 
the value of the last, the penultimate, etc. (terms). 
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Thus he understands this rule, as giving only a way of computing the value of each 
term separately??. In other words, if we keep our own notations, he understands 
the following: 

Upri = [(1- 1) +p] x a Us. 
'This would explain, step by step, Bhaskara's computation in Example 3, where 
we have assumed that the halving did not occur, because the numerator was zero. 


P.1.4 Partial sum 


By quoting the first three quarters of Ab.2.19, omitting the word madhya (mean), 
a rule for the partial sums of the terms of the sequence is derived: 


"istam vyekam dalitam sapürvam uttaragunam samukham istagunitam 
istadhanam’ ity avantarayathestapadasankhyanayanartham| 

“The desired (number of terms) decreased by one, halved, increased 
by the previous (number of terms), having the common difference for 
multiplier, increased by the first, and multiplied by the desired (number 
of terms) is the value of the desired (number of terms)”, is a (rule) in 
order to compute a number of as many terms as desired. 


With the same notations as before, if one computes the sum of n terms starting 
with the term U,+1, then 


— 1 
See Ui=nx |n ea (27 e») . (9) 


P.1.5 Another way of computing the whole value 
In the last quarter of the arya another relation is given: 


tv athadyantam padardhahatam|| 


Or else, the first and last (added together) multiplied by half the number 
of terms (is the value).|| 


With the same notation as before, if U; is the first term and U, the last, then 


n 
Sa, = (Ui + Un) x PS (10) 


83See [Sharma&Shukla 1976; p. 62, formula 3] 
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P.2 Ab.2.20: The number of terms 


The rule given by Aryabhata here, runs as follows: 


gaccho'stottaragunad dvigunitadyuttaravisesavargayutat| 

mülam dvigunadyünam svottarabhajitam sarüpardham | 

The square-root of the value of the terms (gaccha) multiplied by eight 
and by the common difference, increased by the square of the difference 
of twice the first term and the common difference,| 

Decreased by twice the first term, divided by its common difference, 
increased by one and halved.|| 


Bhaskara gives here a particular interpretation of the word gaccha used in the 
verse. Gaccha is the term used in Bhaskara's commentary for the number of terms 
of a series. However concerning its meaning in Ab.2.19, he gives the following gloss: 


gacchah ity anena [p]adadhanam parigrhyate| 
(As for) gaccha, the value of the terms (/p/adadhana) is understood with 
that (word). 


Further in this general commentary, the compound gacchadhana is used with the 
meaning “the value of the terms”; in this case gaccha seems to be a substitute for 
pada (a term of a series). This peculiar understanding of gaccha is restricted to 
this gloss of Ab.2.20. In both cases the compound thus refers to the values of the 
terms of the series, or, in other words, to the value of the sum of the terms of a 
finite sequence. 


Using this particular interpretation, this rule can be understood in the following 
way, with a modern mathematical notation: 


For a finite arithmetical progression of first term U1, of common difference a, of 
total sum N, the number of terms of the progression is 


8N 2U; — a)? — 2U 1 
n= v a+ ( 1 a) deg 072 
a 


'The formulation here is quite surprising. It seems to bear some similarities with 
the procedure described in Ab.2.24. These links remain to be investigated. 
P.3 Ab.2.21: Progressive sums of natural numbers 


Ab.2.20 gives two alternative procedures to obtain the same sum. The first part 
of Ab.2.20 runs as follows: 


ekottaradyupaciter gacchadyekottaratrisamvargah| 
sadbhaktah sa citighanas 
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The product of three (quantities) starting with the number of terms 
of the sub-pile whose common difference and first term is one, and 
increasing by one,| 

Divided by six, that is the solid (made) of a pile, 


The “sub-pile (upaciti) whose common difference and first term is one” corresponds 
to the series, (S;), of the progressive sums of natural numbers?^: 1,1-- 2,1-- 2 + 
3, ,1+2+ Fd... (S; = 12-24 i). A finite sequence of this series, starting 
with its first term, is considered. Let the number of terms be n. Thus *the product 
of three (quantities) starting with the number of terms (...) and increasing by 
one corresponds to the product n(n + 1)(n + 2). The “solid (made) of a pile" 
(citighana), corresponds to the series, (£j) having for terms (S;) (Xj = $51.41). 
According to this understanding, the computation described above may be noted 
as follows: 


n(n + 1)(n + 2) 
<n = 219 = ———_—_—_. 11 
9 i=l 6 ( ) 
The last quarter gives an alternative rule: 
saikapadaghano vimilo val| 
Or the cube of the number of terms increased by one, decreased by (its 


cube)root, (divided by six produces the same result) || 


With the same notation as before: 


my oe ey (12) 


In his introduction to the chapter on mathematics (ganitapada), Bhaskara includes 
series (sredhi) in geometry. A close look at the vocabulary used by Aryabhata and 
at the only example of BAB.2.21 may explain how this is understood. 


The series (Xj) is called by Aryabhata “a solid (made) of a pile” (citighana). The 
example considers a three-edged pile of objects, of which we have given a tentative 
illustration in Figure 50. 


We can note here, as it will become clear in the following rules as well, that 
the geometrical vocabulary on series is the one used by Aryabhata. Bhaskara 
substitutes for it a more arithmetical one, using the term sankalana (sum). Thus, 
the “sub-pile” (upaciti), which corresponds to one layer of the “solid (made) of a 
pile", is called sarikalana by Bhaskara. The “solid (made) of a pile" (ghanaciti) is 
called sankalanasankalana. 


84 As before, the series is constructed considering the sequence which has such first term and 
common difference (here the sequence of the natural numbers). The progressive sums of the 
terms of the sequence, produces the terms of the series. 
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» 


Figure 50: “The solid made of a pile 
citighana with 5 layers 


1 


1424344 


14243445 


P.4 Ab.2.22: Sum of squares and cubes 


Ab.2.22 gives two rules, one for the sum of squares - called the solid (made) of a 
pile of squares (vargacitighana), and one for the sum of cubes — called the solid 
(made) of a pile of cubes (ghanacitighana). 


'The first rule goes as follows: 


saikasagacchapadanam kramat trisamvargitasya sastho’mésah| 
vargacitighanah sa bhavec 

One sixth of the product of three (quantities which are), in due order, 
the number of terms, (that) increased by one, and (that) increased by 
the (number of) terms| 

That will be the solid (made) of a pile of squares. 


Bhaskara gives here a particular gloss of the word usually meaning the term of a 
progression or series, pada: 


padam gacchas 
Pada is the number of terms. 


With this particular interpretation, let n be the number of terms then, with the 
same notations as before, this rule may be understood as 


n f= = . 13 
t=1 6 6 ( ) 


n 3 mn(n-cl)m-c-l-cn n(n 4- 1)(2n 4-1 
» = (n + 1)( ) _ n(n +1) ) 


Bhaskara calls this the sum of squares (vargasankalana). 


The second rule is told as follows: 


citivargo ghanacitighanaá ca|| 
and the square of a pile is the solid (made) of a pile of cubes || 
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This computation uses the rule 10 given in the last quarter of verse 19, which 
computes the sum of the terms of a finite arithmetical sequence. This is called 
here “a pile” (citi). In this case the sequence considered is that of the natural 
numbers, zero excluded. Let n be the number of terms considered. According to 
the rule of verse 19 we know that 


So Rt =(n+1) x x 


According to the rule given in the last quarter of verse 22, we thus have 


5 i x bs tail i : 


Or in other words: 


n 23 n? 
Das = [n+x 7] (14) 
Bhaskara calls this sum the sum of cubes (ghanasankalana). 


Geometrically, the sum of squares, as the diagrams associated to the solved ex- 
ample suggest, seem to be considered as a pile of flat square objects, the smallest 
having a side of length a unit, the second of length two units etc. In the same way, 
the sum of cubes seems to be considered as a pile of cubic bricks, the smallest 
having a side of length one unit etc. These are illustrated in Figure 51. 


Q BAB.2.23-24 


Q.1 BAB.2.23: Knowing the product from the sum of the squares 
and the square of the sum 


With a modern mathematical notation, if a and b are any two numbers, the rule 
given in Ab.2.23 can be summarized as follows: 


(a +b)? — (a? +6") 


b= 
* 2 


We can note that when several products are to be computed, each couple is dis- 
posed vertically in a column. That is, if the product of a and b and the product 
of c and d are sought, the “setting-down” (nyasa) will be: 


a C 

b d’ 
Aryabhata's verse seems to be useful when the quantities are not known, but only 
their sums and squares, a typical algebraical problem. Bhaskara's introduction is 
therefore surprising: he seems to understand it as if it were an alternative multi- 
plication rule. A way of verifying the multiplication algorithm? 
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Figure 51: Piles 


A pile of flat square objects: 
the smallest one's area is I? 
the second one's area is 2° 
etc. 


A pile of cubic bricks 

The smallest brick' s volume is P? 
The second brick' s volume is 2? 
etc. 


Q.2 BAB.2.24: Finding two quantities knowing their difference and 
product 


With a modern mathematical notation, this is how the rule given in Ab.2.24 may 
be understood: let a and b be two quantities (a > b), then 


o Pad) + (a= P + (a-0)., _ Rab) + (a - B? — (a5). 


2 | 2 


'The last sentence of the commentary states the commutativity of the multiplica- 
tion: 


atra gunyagunakarayor avigesat gunakaradvayam ity ucyate| 
In this case because there is no difference between the multiplicand and 
the multiplier both are called “multipliers” . 


We can note here that the procedure given in this verse is partially used in other 
computations. The computation considered involves only the latter half of the 
verse which involves subtracting or adding to a same quantity a given quantity 
and halving. It bears the name samkramana. 
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R BAB.2.25 


R.1 The rule given by Aryabhata 


Ab.2.25 can be formalized as follows. Let m (müla) be a capital; py (phala) the 
interest on m during a unit of time, usually a month, kı = 1 (kāla) ; po, the 
interest on pı, at the same rate, for a period of time ko. When p; + po, m, and k2 
are known, in a modern mathematical notation the rule can be understood as 


= ymka(pı + po) + (#)? 


pi is 
This rule derives from a constant ratio: 
m 
URA 
pi p2 


We can note that this is algebraically equivalent to the following equation where 
pı is the unknown: 


kop} + mp, — m(pi + p2) = 0. 


Historians of science have deduced from this that Aryabhata knew how to solve 
second order equations even though their resolution is not stated as such in the 
treatise. Second order equations (vargavarga) are quoted by Bhaskara in BAB.1.1., 
under a list of subjects of mathematics considered in all its generality??. However, 
Bhaskara states a verification of the rule given in Ab.2.25, using a Rule of Five. 
'This rule, therefore, is likely to have been considered by Indian authors as deriving 
from rules of proportion. The Rule of Five, as described in BAB.2.26-27.ab, and 
presented in the Annex to this commentary, typically concerns such commercial 
problems, where kı — here always equal to one — may be variable, and where a 
different value than the initial interest p; may be considered as lent at the same 
rate for a time k2. The Rule of Five computes a value for po: 


_ pike 
P2 ml . 


A reversed Rule of Five would therefore give a value for pı, from which the above 
computation may be found. The Rule of Five, in fact, rests upon the same ratio 
as the rule given in Ab.2.25, only kı may be different from 1: 


85See [Keller 2000; I, 2.1] and [Keller forthcoming] 
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R.2 Procedure followed by Bhaskara in examples 


Problem Let m be a capital whose monthly interest pı is not known. This interest 
on the capital is lent elsewhere at the same rate. After ko months a certain 
amount p; + p2 is obtained. Both p; the initial interest on the capital, and 
p2 the interest on the interest are sought. 


The tabular “setting down” of such a problem, where the unknown p; is 
noted with a zero, is as follows: 


| Interest on the capital Interest on the Interest 


Capital m 0 
Time 1 ko 
Interest 0 Pi + pa 


Step 1 Following the procedure described in Ab.2.25, pı is found. 


Step 2 The interest on the interest is: 


p2 = (pı + p2) — pı- 


R.3 Verification with a Rule of Five 


Bhaskara at the end of the first solved example of BAB.2.25, describes a verification 
(pratyayakarana). This example states the case where: 


m= 100 
kə = 4 
ptp- 6 


The value found for p is 5. 


The verification is stated as follows: 


pratyayakaranam panricarasikena- yadi $atasya masikivrddhih panca tada 
catubhir masaih $atavrddheh [paricadhanasya] ka vrddhir iti 
Verification with a Rule of Five: “If the monthly interest on a hundred is 
five, then what is the interest of the interest [of value-five] on a hundred, 
in four months?" 


In other words, the verification consists in: knowing m, pı and k2, find p2 and 
verify that its value, increased by pi, will give the same value for p; + p2 as stated 
in the problem. 


The Rule of Five, as we have stated above, finds the value of pə. This is how it is 
1 4 

set down: 100 5 
5 0 


118 Supplements 


So that here the disposition of the Rule of Five follows this pattern: 


| Interest on the capital Interest on the Interest 


Time 1 k2 
Capital m Di 
Interest pi 


However, a regular Rule of Five would be set down as follows: 


| Interest on the capital Interest on the Interest 


Capital m Di 
Time 1 k2 
Interest pı 


So that the two upper rows of the table set-down in BAB.2.25 are inverted. The 
setting-down of the rule given in Ab.2.25. follows exactly the pattern of a regular 
Rule of Five. 


S BAB.2.26-27 


In this Appendix we will first analyse the procedure given by Aryabhata for the 
Rule of Three. Afterwards, we will study the rules with several quantities and the 
Reversed Rule of Three, which are introduced by Bhaskara. 


S.1 Rule of Three 


Bhaskara treats separately the integral and fractionary cases. 


8.1.1 Integers 
The Rule of Three is given in verse 26: 


trairüsikaphalarasim tam atheccharasina hatam krtva| 

labdham pramanabhajitam tasmad icchaphalam idam syat|| 

Now, when one has multiplied that fruit quantity in the Rule of Three 
by the desire quantity| 

The quotient of that divided by the measure should be this fruit of the 
desire|| 


The quantities involved in a Rule of Three and in all the other proportion rules 
are classified and named according to a typology linked to the kind of problem 
involved: a measure quantity (pramanaràasi) produces a fruit quantity (phalarasi), 
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both are known. A desire quantity (iccharasi) is a new measure quantity whose 
fruit, the fruit of the desire (icchaphala) also glossed as “the fruit of the desire 
quantity" (iccharaseh phalam), is sought. The ratio of the first two quantities 
is equal to the one of the two others. As we will see in the following subsections, 
Rules of Five involve two known measures and desires, Rules of Seven, three known 
measures and desires, etc. 


According to Bhaskara's commentary, we may describe the Rule of Three as fol- 
lows: 


Problem There is a standard way (called vaco yukti) of stating a problem which 
involves a Rule of Three, in such a way that the values involved according to 
the typology are immediately recognizable: 


If by means of a measure (pramana, m), a fruit (phala, p) has been obtained, 
then by means of a desire (iccha, i), what is the quantity, called the fruit of 
the desire (icchaphala, r), obtained? 


As studied in [Keller 2000; I.1. 5], we believe that this formulation states 
together a mathematical property (equal ratios are involved), serves as a way 
of relating a specific problem to the Rule of Three (there are equal ratios in 
this problem, which are the following), and prepares the computation of the 
Rule of Three, as it underlines the typology of the quantities involved. 


Setting-down Bhaskara quotes a verse of unknown origin for the positioning of 
the quantities on the working surface: 


adyantayos tu sadrgau vijrieyau sthapanasu rasinam| 
asadrgarasir madhye trairasikasadhanaya budhaih|| 

In order to bring about a Rule of Three the wise should know that 
in the dispositions| 

The two similar (sadráa) (quantities) are at the beginning and the 
end. The dissimilar quantity (asadrga) is in the middle. || 


The quantities which are “similar” (sadrga), are those which are similar from 
the point of view of the typology of the problem: the measure and the desire, 
both of which produce a fruit. The “dissimilar” (asadrga) one, is the only 
known fruit. 


The row on which the quantities are written has the following columns: 


measure quantity fruit quantity desire quantity 
m p i 


Procedure Following the rule given by Aryabhata, the fruit is multiplied by the 
desire and divided by the measure: 


"S3 
x 
> 


3 
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§.1.2 Fractions 


As noted before, what is considered a fraction by Bhaskara is a number of the 
a 

form a+ ? noted in the text as: b 
[e 


Bhaskara glosses the first part of verse 27, to explain how a Rule of Three is carried 
out with fractions: 


chedah parasparahata bhavanti gunakarabhagaharamam, 
The denominators are respectively multiplied to the multipliers and the 
divisor. 


This rule would only give the core of the operation to be made when a Rule of 
Three involves fractions. 


Therefore, when fractions are involved, another typology of the quantities entering 
in a Rule of Three is described. This typology concerns their function within the 
procedure: a quantity is either a multiplier or a divisor. When multipliers and 
divisors have denominators, as we will see, their denominators become respectively 
divisors and multipliers. This property of denominators in the Rule of Three is 
qualified by Bhaskara as being part of their nature (dharma), and the fact of 
becoming a multiplier or a divisor is stated as a change of condition, by using the 
verbal root NI-: 


... yasmat taddharmaya chedàh parasparam niyante| 
... since according to their nature (dharma) denominators are brought 
to one or the other (condition). 


We can explain the different steps to be followed according to Bhaskara’s com- 
mentary as follows: 


Problem If the problem is the same as the one stated before, with p,m or i as 
fractionary quantities: 


If by means of a measure (pramana, m), a fruit (phala, p) has been obtained, 
then by means of a desire (iccha, i), what is the quantity, called the fruit of 
the desire (icchaphala, r), obtained? 


Step 1 All are put into a “same category?9?" (savarnita), which means that the 


fractionary quantity (i.e a quantity plus or minus a fractional part) is made 
into a "fraction"?", with just a numerator and a denominator. So that if p 


86Tn fact the same word is used in the second half of verse 27 to evoke fractions with a same 
denominator. See the supplement for BAB.2.27.cd and [Keller 2000; 1.2.2] 

7]n [Keller 2000; 1.2.2] the status of this intermediary form in respect to fractionary quantities 
and fractions per se is studied. 
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was fractionary it becomes of the form T etc. The quantities are “set down” 
P 

as before, fractions disposed in a column. If all the quantities are fractions 

the disposition would be as follows: 


measure quantity fruit quantity desire quantity 


Nm Np Ni 


dm d, d; 


Step 2 The computation described in Ab.2.27.ab, as understood by Bhaskara, is 
carried out. He explains that the denominators of the multipliers (e.g. the 
denominators of p and i) become divisors and respectively the denominator 
of the divisor (i.e. the denominator of m) becomes a multiplier. 


atas tesam gunakarabhagaharanam chedah parasparahatah ye 
gunakarachedah bhagaharahatas te bhagahara bhavanti, 
bhagaharacchedas ca gunakarahatah gunakara bhavanti| (...) 
gunaküranam samvargo gunakara ity arthad avagamyate| 
Therefore, the denominators are respectively multiplied to those 
multipliers and the divisor; those denominators of the multipli- 
ers which are multiplied to the divisor become divisors and the 
denominators of the divisor multiplied to the multipliers become 
multipliers. (...) Because the meaning is: the product of divisors 
is a divisor; the product of multipliers is a multiplier, (the above 
computation) is understood. 


In this particular case, the plural ending of the “denominators of the divisor” 
may be understood as indicating simply the plurality of unities of the denom- 
inator (i.e. it is not one). Another interpretation of this plural form as that of 
a plurality of denominators, makes sense, as we have discussed below, when 
considering the computation with fractions in rules of proportions involving 
more than three quantities. 


The computation described here involves, probably before the multiplications 
themselves, a movement of the quantities on the working surface. In Example 
2 Bhaskara indicates a movement, by using the verb Gam- which means “to 


go” : 
gunakarayos cheda bhagaharam gatah 
'The two denominators of the multipliers go to the divisor. 


So the denominators of the multipliers would move to the column of the 
divisor and reciprocally, the denominator of the divisor would move to the 
columns of the multipliers. As there are two columns for the multipliers we 
do not know where exactly this denominator was placed. We have tentatively 
represented this movement here: 
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divisor | Multiplier 


Nm Np Ni 
dp dyn, 
di 


No such intermediary disposition, however, is found in the text. 


Step 3 As in the procedure described in verse 26, the product of the multipliers 
is divided by the product of the divisors. 


Simplification by common factors were probably commonly used, as among others, 
the remark quoted below from the resolution of Example 7 shows. We can note that 
by placing divisors and multipliers in separate but adjoining columns, common 
factors would appear very clearly. 


S.1.3 Conversions 


This is a specificity of the problems solved within this commentary: an extra 
arithmetical computation is required by using different measures of weights and 
therefore conversions. This may be due to the fact that a quantity, when considered 
as belonging to a worldly practice (lokavyavahāra), should be as much as possible 
stated as a set of integers rather than with fractional parts. For instance, the result 
found in the first example has been obtained as a fraction of palas, Bhāskara writes: 


tatra palesu bhagam na prayacchatiti “catuskarsam palam” iti 
In this case, since parts (bhdga) in palas are not desired (one should 
use:) “a pala is four karsas” 


It is as if the fractional parts themselves occurred because the measuring units were 
not thin enough. This may have been a common required computation, as even 
today, measuring units are not uniform throughout the Indian sub-continent. The 
close link that conversion computations bear with a Rule of Three is underlined 
in the versified problems concerned with the reversed Rule of Three. 


For the sake of simplicity we have not rendered here the computations involving 
conversions. 


S.1.4 Variations 


Several examples of problems which involve a Rule of Three are given here. The 
initial problem is transformed and reformulated in order to make the Rule of Three 
apparent. 


a Motions In Example 4 the motion of a coiled snake entering its hole is de- 
scribed. The medium speed gives a first ratio between a distance and a time, 
knowing the size of the snake, the time for the snake to enter the hole is sought. 
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b Cattle In Example 5, a herd divided in tamed and untamed cattle is con- 
sidered. Knowing the ratio of the tamed to the total number of heads of one 
given herd, the ratio to the tamed in another herd is asked. The ratio being thus 
considered constant from one herd to another. 


c Commercial Problems N merchants invest in a capital (mila) each with their 
own sum: the first merchant invests m4, the second mz etc. The total initial 
investment is m. The total profit (labha) is known to be l. The respective interests 
on the initial capital for each merchant is computed with a Rule of Three, the 
ratio of m to l being the same as the ratio of mı to lı etc. In example 7, all the 


initial values are fractionary. They are reduced to a same denominator, Bhaskara 
then adds: 


chedaih prayojanam nastity amsah kevalah 
There is no use of the denominators, only the numerators (are taken 
into account). 


This makes sense as ratios only are considered. 


S.2 Rule of Five and the following 


Bhaskara explains at length the case of the Rule of Five, through an example. The 
Rule of Seven is briefly illustrated. These two cases are sufficient to understand 
how a rule of 2n + 1 quantities may be perceived. 


These additional rules of proportions may be understood in two separate ways. 


1. The first way is only alluded to by Bhaskara in his resolution of Example 8. 
This is the one we think was usually used in computations, because of its 
simplicity. 

By generalizing the case presented in Example 8, we can deduce the 
following situation for a Rule of Five: 


Problem A Rule of Five typically concerns a triple ratio- where two linked 
measure quantities produce one fruit. This can be expressed as follows: 
If by means of mı and mg, p is obtained, then by means of i4 and 72 
what has been obtained? 
Typically this happens in commercial problems, where m; is a certain 
capital invested for mə months, p being the interest, i; being another 
capital invested for i9 months, and r being the interest of this second 
investment, and is what is sought. 


Setting-down The disposition of a Rule of Five, as seen in the edition??, has 
two columns and not three, as in the Rule of Three: 


880ne should bear in mind that there certainly is a disrepancy between the edition and the 
manuscripts on one hand, the manuscripts and Bhaskara’s original intentions on the other. 
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| Known Ratios Sought Ratios 


Capital mi ái 
Time m» 12 
Interest p 


In one case, in the last row of the second column, where we can suppose 
that the value sought, r, was placed, a zero (0) is found.®? 


Procedure As in the Rule of Three, where the fruit and the desire are mul- 
tipliers and the measures are divisors, a rule of Five can be seen as the 
product of its fruit and desires divided by the product of the measures. 
In other words: : ] 

pxux1! 
K mı X Mə : 

Accordingly, a greater generalization would consider a rule of 2n 4- 1 quanti- 

ties, typically dealing with the known ratios of n linked measures m4,...,mg 

producing p. Knowing the values of i1, ti2,...,iņn a value r is sought. 


'The setting-down would then be of the form: 


Known Ratios Sought Ratios 


T" 21 

m2 12 

Mn in 
p 


And the computation: 


pXii Xiz X: Xin 


Mı X M2 X*:: X Mn 


2. However, Bhaskara insists on the link that rules of proportions have with the 
Rule of Three. He explains that they all can be understood as a collection of 
rules of Three: 


adayas trairasika samhatāh ? pancarasike trairaisikadvayam 
samhatam, saptarasike trairasikatrayam, navarasike 
trairasikacatustayam ity adi 

Because the Rule of Five, etc. is a collection of rules of Three. 
(Question) 

How are (these rules of Three) to be known? 


89This is presented as such in the edition. We do not know if such a fact was common to all 
manuscripts. For a discussion, please see [Keller 2000; 1.2.2] 


S. BAB.2.26-27 125 


In a Rule of Five, two rules of Three are collected, in a Rule of 
Seven, three rules of Three are collected, in a Rule of Nine, four 
rules of Three are collected, and so forth. 


As we have emphasized elsewhere”, this involves taking each ratio separately, 
and considering for each rule the triple first formed of (m4, p, i), and, if po 
is what is found with a first Rule of Three, then the triple (m2, po, i2), is 
considered and so forth. Thus considering n rules of Three in a rule of 2n +1 
quantities. In the above mentioned paper we have analyzed the way the 
disposition itself, by its systematicity, also conveys this somewhat automatic 
generation of a new rule, by adding a row. 


In the light of these procedures, the discussion Bhaskara carries on the compu- 
tations with fractions makes sense with several denominators for divisors, since a 
rule of 2n + 1 quantities probably has n divisors. That the computation follows 
also the same movement of quantities on the working surface is suggested by the 
following sentence at the end of the resolution of example 8 (illustrating a Rule of 
Five): 


chedà api pürvavad gunakarabhagaharanam parasparam gacchanti| 
Furthermore, denominators, as before, go respectively to the divisors 
and multipliers. 


S.3 The Reversed Rule of Three 


If a Rule of Three may be expressed as 


pxi 
m’ 


r = 


then the reversed Rule of Three is 


These ratios typically concern shifting measuring units. We could sum up the 
typical problem in this way: 


p of a certain thing has been obtained when measured by a given unit 
uı which measures m times another unit, uo. When u; measures i times 
u2, What is the measure r of the same certain thing, in terms of the unit 
uj? 


99 [Keller 1995] 
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Figure 52: True and mean positions of a planet 
U1 


A same quantity is measured with different ratios of conversions, but the unit of 
measure Ug is constant, thus that quantity when measured by ug amounts to 


mxp-ixr, 
from which the reversed Rule of Three ratio derives. 


An astronomical application of the reversed Rule of Three is given in this part 
of the commentary. The astronomical parameters it refers to are briefly exposed 
in the Appendix 3. Bhaskara starts by stating the ratio between two different 
corrections of the arc distance between the mean position of a planet at a given 
time (M) and its mean apogee (U): 


svasiddhante yadi vyasardhamandale bhujaphalam idam labhyate tada 
tatkalotpannakarnaviskambhardhamandale kimiti 

And in this Siddhanta (such a problem requires a Rule of Three) “when 
this bhujaphala has been obtained in the great circle (vyasardhamandala), 
then how much (is it) in the circle whose semi-diameter is the hy- 
potenuse produced at that time?" 


Let Mı be an approximation of the true position of G when its mean position is 
in M. This is illustrated in Figure 52. 


Here Bhaskara does not consider the epicycle defined by M M1, but the circle hav- 
ing for radius OM: tatkalotpannakarnaviskambhardhamandala (the circle which 
has for semi-diameter the diagonal produced at that time). 
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Let A be the point of OM, that intersects with the mean orbit of G. Let B be 
a point of (MO) such that AB is perpendicular to (MO). Let Bı be a point 
of (MO) such that Mı Bı is perpendicular to (MO). Both AB and MiB, are 
called the bhujaphala (the correction to the bhuja). OA is the radius of the orbit 
(vyasardha) and OM, is called the hypotenuse (karna). 


The ratio given here can be written, with these notations, as 


AB |..B1Mi 
OA OM,” 
Therefore we have: 
Ap. BMx OA 
OM, 


Now, Bhaskara remarks that AB is inversely proportional to OM,: 


tatra mahati karnapramano ‘lpt yasyo [bhujaphalakala] bhavanti, 
alpakarne bahuvya iti 

In this case when the size of the hypotenuse is great, [the minutes of 
the bhujaphala] become smaller, and when the hypotenuse is small, (the 
minutes of the bujaphala) increase. 


Now since this portion is stated as he glosses the reversed Rule of Three, we 
can understand that Bhaskara, with this relation between the bhujaphala and the 
hypotenuse, draws a relation from which another analysis of the problem, as a 
reversed Rule of Three, could appear: knowing the bhujaphala with the radius of 
the orbit, we would try to obtain the same segment with the hypotenuse. However 
this analysis seems queer as this would suppose that Mı Bı and AB, which both 
bear the same name, are the same segments. This is evidently not the case. The 
first bhujaphala obtained would be M; B4, which seems to derive from the epicycle 
and not directly from the radius of the orbit. 


Another hypothesis, more convincing maybe, would be to consider that this por- 
tion of the text has been displaced in an original scribal error due to the common 
ancestor of all manuscripts, and does comment simply on a Rule of Three. 
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T BAB.2.28 


We will discuss here the astronomical computation described by Bhaskara in this 
part of the commentary. 


T.1 Notations and references 


Some elements of Hindu astronomy have been given in the Appendix bearing this 
name. For an understanding of the computation whose steps only are described 
here, please see [Ohashi 1994; p. 191-193], [Shukla 1963; p.47-48], [Shukla 1960; 
p.75-76]. 


Let the given time in pranas be t; the ascenscional difference c; the sun’s altitude 
o and the latitude of the observer ¢, the earthsine (ksitijya) k, the day radius a. 


T.2 Computing the time with the Rsine of the sun’s altitude 


We can distinguish several steps in the computation given in BAB.2.28, that we 
may formalize in a modern mathematical form as follows: 


1. “when computing the (time in) ghatis from the Rsine of altitude produced 
from the Rsine of zenith distance” 
Rsina is given 


2. “the semi-diameter was a divisor and therefore (becomes) a multiplier” 


Rsina x R 


3. “the Rsine of the observer’s co-latitude was a multiplier and therefore 
(becomes) a divisor” 
RsinaxR 
Rsin(90—¢) 
4. “In this case, in the northern (hemi-)sphere, one had to add the earth sine, 
and therefore (it) is subtracted; in the southern (hemi-)sphere one had to 
subtract (it) and therefore it is added. ” 


RsinaxR == 
p Tk 


5. “Then, just because it has the state of being reversed the semi-diameter is a 
multiplier" 


RsinaxR EM 
| (ees) WE J xR 
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6. “the day radius is a divisor.” 


[( ERS Sy) FA] XR 


a 


7. “The sine obtained is made into (its) elemental arcs.” 


Fain (fetten) 


a 


8. “In the northern (hemi-)sphere in arcs the praànas of the ascenscional dif- 
ference are added, because (they) had the state of being subtracted; in the 
southern (hemi-)sphere they are subtracted, because they had the state of 
being added, etc.” 


a 


Rin (BREED) y 


9. t is obtained. 


T.3 Which procedure is reversed? 


In verse 28 of the Golapada, Aryabhata gives the following rule?!, which computes 
the Rsine of altitude from the Rsine of the angular distance of the horizon to the 
day circle at a given time: 


1. Find the Rsine of the arc of the day circle from the horizon (up to the point 
occupied by the heavenly body) at the given time; 


2. Multiply that by Rsine of co-latitude (avalambaka) 
3. and divide by the radius (viskambhardha): 


4. The result is the Rsine of the altitude (Sanku) (of the heavenly body) at the 
given time elapsed since sunrise in the forenoon or to elapse before sunset in 
the afternoon. 


This rule is not exactly the one that Bhaskara reverses, since it doesn't start 
from the time. However the procedure reversed may have been part of Bhaskara’s 
commentary on this verse. We do not have, however, Bhaskara's commentary 
on this verse, since none of the known manuscripts have preserved his commen- 
tary to the golapada. Procedures are found both in the Laghubhaskariya and the 
Mahabhaskariya. 


91As translated by Sharma&Shukla 1976, p.139- I have added the indentations and the terms 
in Sanskrit within parentheses. 
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In verses 7-11 of the third chapter of the Laghubhaskartya the following algorithm 
is given??, which from the time derives the Rsine of altitude: 


1. 


The ghatis elapsed (since sunrise) and to be elapsed (before sunset), in the 
first half and the other half of the day (respectively), should be multiplied 
by 60 and again by 6: then they (i.e those ghatts) are reduced to asus (that 


is to minutes of arc or pranas??: 


. (When the sun is) in the northern hemisphere, the asu of the sun’s ascen- 


scional difference should be subtracted from them and (when the sun is) in 
the southern hemisphere, they should be added to them. 


(Then) calculate the Rsine (of the resulting difference or sum) and multiply 
that by the day-radius. 


Then dividing that (product) by the radius (viskambhardha), operate (on the 
quotient) with the earth-sine contrarily to that above (i.e. add or subtract the 
earth-sine according as the sun is in the northern or southern hemisphere). 


Multiply that (sum or difference) by the Rsine of the co-latitude (lambaka) 
and divide by the radius: the result is the Rsine of the sun’s altitude (sariku). 


The square root of the difference between the squares of that and of the 
radius is the Rsine of the sun's zenith distance (chaya). 


That multiplied by twelve and divided by the Rsine of the sun’s altitude 
(Sanku) is the true shadow (of the gnomon). 


In verses 18-20 of the third chapter of the Mahabhaskariya the following algorithm 
is given?^which from the time derives the Rsine of altitude: 


1. 


3. 


Add the (sun's) ascenscional difference derived from the local latitude to or 
subtract from the asus elapsed (since sunrise in the forenoon or to elapse 
before sunset in the afternoon) according as the sun is in the southern or 
northern hemisphere. 


(When the sun is) in the northern hemisphere, the asu of the sun's ascen- 
scional difference should be subtracted from them and (when the sun is) in 
the southern hemisphere, they should be added to them. 


By the Rsine of that (sum or difference) multiply the day-radius, 


92[Shukla 1963; Sanskrit text p.11; English translation p.46]. I have added the subdivisions 
into different steps of the procedure and the names in Sanskrit of terms which occur also in the 
paragraph of his commentary on verse 28 of chapter 2. 

93'This is the translation adopted by K.S. Shukla of this term (see [Sharma&Shukla 1976; p. 


26]) 


94[Shukla 1960; Sanskrit text p.15; English translation p. 74-75]. I have added the subdivisions 


into different steps of the procedure and the names in Sanskrit of terms which occur also in the 
paragraph of his commentary on verse 28 of the ganitapada of the Aryabhatiya. 
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4. and then divide ( the product) by the radius (viskambhardha). 


5. In the resulting quantity apply the earthsine reversely to the application of 
the ascensional difference (cara) (i.e. subtract the earth sine when the sun 
is in the southern hemisphere and add the earthsine when the sun is in the 
northern hemisphere). 


6. Then multiply that (i.e the resulting difference or sum) by the Rsine of the 
co-latitude (lambaka) of the local place and then divide (the product) by the 
radius again. Thus is obtained the Rsine of the sun's altitude (sariku) for the 
given time in ghatis. 


7. The square root of the difference between the squares of the radius and that 


(Rsine of the sun's altitude) is known as the (great) shadow. 


So that with the same notation as before, we can formalize in a modern math- 
ematical language the computation of the Rsine of the sun's altitude with the 
time: 


1. t is given 


2. DEC 


3. Rsin(t F c) 


Ek 


aD 
erts 
cm 
® 
S: 
3 
~ 
H 
e 
x 
2 
Sx 
u 


7. (EF) + | x Rsin(90 — 9) 


[( Es CE) £k] x Rsin(90—¢) 
R 


8. 


9. Rsina 


The fact that each step of this operation is the reverse of the other is illustrated 
in Table 10. 
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Table 10: A reversed astronomical procedure 


Step rule to find the Rsina Step Reversed rule 
1 t is given 9 t is obtained. 
2 tte 8 |Rsin-t [L——— <2) +e 
3 Rsin(t x c) 7 Ri (Kisten) 
4 Rsin(t =c) xa 6 (neis rn] ii 
s m s| (iere) ea] en 
6 (Pgo) x i 4 (xe) F k 
7 | (AGE) + k| x Rsin(90- 6) 3 xeu. 
8 [cse eee) 2 Rsina x R 
9 Rsina is obtained 1 Rsina is given 


U BAB.2.29 


The procedure given in Ab.2.29 may be understood, with a modern mathematical 
computation, as follows: 


Two series are defined here. Both use the terms of a given set of quantities, (x;). 
One series is obtained with a method that Bhaskara calls *the decreased by a 
quantity"-method (rasyünakrama or rasyünanyaya). This series is defined as fol- 


lows: 


S1 = mic z2 +: + Tn — T1 S X parts — T1 = t2 tH H En, 


S2 = £1 +22 +: H En = 39 = X Rami $2 = T1 + Ga bec b En 
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n 
= J i-1Ti — Tn. 


Each term of this series is known. From these terms, the terms of a second series 
(X;) are found. Each term X; consists of the sum of the terms of the set (z;). In 


other words: 
Xi = 5 ila 


When the series (S;) is considered, each term x; appears in every sum except in 
the sum $;, thus it appears n — 1 times. Therefore when the sum of n terms of the 
series S; are considered in due order, to obtain X; one can just divide by n — 1. 
In other words: 

n j2a9i 
Ne ESSI 


X; is called the “value of the terms" (gacchadhana) or the “whole value" (sarvad- 
hana). 


Bhaskara however understands that this verse does not only compute the terms 
of X;, but also the value of each term z;, separately. In other words, from both 
the term X; and each 5;, all the terms of the set (a;) called the “value of a term” 
(padadhana) can be found: 


We note that Bhaskara indicates that the terms of the series S; should be stored 
separately in an *undestroyed disposition" (avinistasthapana) in order to be used 
in this operation. 


V BAB.2.30 


V.1 General resolution of first order equations 


'This verse gives a procedure to solve first order equations. 


Let x be “the price of a bead" (gulikamülya); it is the unknown. Let a and b be the 
number of beads belonging respectively to two persons. These are the coefficients 
of the unknown. Bhaskara also names them yavattàvat (as much as), in which case 
the unknown is named "the value of the yavattavat? (yavattavatpramana). Let c 
and d be the additional amount of money respectively belonging to each of the 
two persons. Ab.2.30 reads as follows: 
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two persons. Ab.2.30 reads as follows: 
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gulikantarena vibhajed dvayoh purüsayos tu rüpakavisesam| 

labdham gulikamülyam yadyarthakrtam bhavati tulyam || 

One should divide the difference of coins?? (belonging) to two men by 
the difference of beads.| 

The result is the price of a bead, if what is made into money (for each 
man) is equal. 


Since it is assumed that “what is made into money (for each man) is equal”, with 
a modern mathematical notation, the problem considered can be noted: 


ax -rec-bz-d. 


The setting-down of such an equation (samakarana) as seen in examples has the 
following pattern: 


| beads coins 
Person 1 a c 
Person 2 b d 


Aryabhata’s verse, in its usual succinct way, indicates that the unknown is found 
by dividing the difference of constants (or coins i.e. c and d) by the difference 
of coefficients (or beads, i.e. a and b). Bhaskara, firstly, gives a place for the 
respective subtracting operations, in the resolution parts of Examples 3 to 5: 
the coefficients (or beads or ydvattdvats) are subtracted “above” (upari) and the 
coefficients “below” (adhas). 


In the first two examples treated by Bhaskara, b < a and c < d. So that the 
quotient he computes is 


d—c 
a—b 
The disposition as described in words (no intermediary step is represented) would 
then be as follows: 
beads  a-b 
coins  d-c 


qo = 


Therefore the dividend is below and the divisor above (in fractions the positioning 
is reversed). 
In the two following examples treated by Bhaskara, a « b and d « c, and according 
to the intermediary values found, we understand that the following quotient is 
computed: 

c—d 

b-a 
Obviously, a subtraction is always made by removing the smallest quantity from 
a larger one. 


t = 


95Even though a rüpaka is a particular coin, since Bhāskara glosses it with dīnāra and in 
examples with dravya, he probably understands it here as a coin in general. 
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V.2 Debts and wealth 


In the last example a “debt” (rna) is considered, among the number of coins given. 
In other words, —c or —d may be considered. It is set down, in the printed edition, 
with a small circle affixed to it (c°), as when a part is subtracted in a fractionary 
quantity. 


The quality of “debt” and “wealth” seems to be only an attribute of the coins at 
the beginning of the problem. The compound rnagata “the state of being a debt” 
is used once (p. 127; line 10) to qualify the “negative” coin. However, the results of 
the computation never bear such a quality. A negative/positive quantity appears 
as the quality conferred to the number of coins, when these coins counted in the 
evaluation of the total wealth of a person are subtracted or added. The number 
itself, however is always positive. So it seems that from this part of Bhaskara's 
text alone, we cannot consider that negative and positive quantities were used in 
the meaning that we confer to them now. 


It is assumed that the wealth of both people is equal, consequently the quotient 
obtained in the end can never be “negative”. It would be meaningless in terms 
of debts and wealths. As we have seen, the rules given here only work for certain 
specific cases of equations. We may assume that problems were devised in order 
to obtain a meaningful result. 


To sum it up, we consider here that the notion of “debt” and “wealth” seems to 
be restricted to the coins which represent the constants of the equation. We do 
not see them applied to the “beads” or *yavattavats" which name the coefficient 
of the unknowns. Nor is it transferred to the “equal wealth" of both people. 


Bhaskara quotes a prakrt verse, which is quite corrupted in the manuscripts used 
for the edition. This rule concerns debts and wealths (dhana). To understand 
it, one should consider first of all that implicitly, a subtraction is always made 
from the largest quantity in absolute value. Secondly, that this verse concerns 
the specific computation described in verse 30, as Bhaskara does not specify that 
its meaning can be extended to other cases. Finally, we think that the quality of 
“debt” and “wealth” applies to the quantity, and not to the number. We think that 
the "signs" of the quantities indicate their status in the procedure, signs explicitly 
what operations quantities should undergo. It does not affect the number itself. 
According to their nature, the quantities as “positive numbers” are subtracted or 
added. The result considered is always a “positive number". In other words, we 
understand the rule given here as describing, according to a typology of the coins 
in terms of wealth or debt, the different computations to be carried out. 


The rule given in BAB.2.30 may be understood as a succession of four rules. Let 
us consider c and d two positive integers, with c « d. 
First rule According to Shukla’s Sanskrit interpretation, the first rule given is: 


Sodhyam rnad rnam 
The debt should be subtracted from the debt. 
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In this case, for us, the subtraction is made from a negative quantity, and 
a negative quantity is subtracted from it?9. Thus the operation considered 
usually when solving the equation would be 


(—d) - (-9 


The rule quoted would indicate that in fact, what is to be computed in this 
case is 
c — d. 


Let us note here, that the final result of the equation is correct, only if b — a, 
(b — a > 0) is computed. 


Second rule According to Shukla's Sanskrit interpretation, the second rule given 
is: 


dhanam dhanatah 
The wealth (should be subtracted) from the wealth. 


Reasoning as previously, when solving the equation, the operation considered 
would be 
d — c. 


This is the case seen in the first two examples of the commentary. The result 
given is correct only if a — b, (a — b > 0) is computed. 


Third and fourth rule According to Shukla’s interpretation the third and fourth 
rule given is: 


na dhanato na rnatah godhyam| viparite $odhanam eva dhanam 
(a debt) should not be subtracted from a wealth, (a wealth) not 
from a debt] 

When it is reversed, just the subtraction (becomes) wealth. 


In other words, when solving the equation, if a negative quantity is to be 
subtracted from a positive quantity, usually d — (—c) should be computed. 
The verse indicates, that in this case, the subtraction should be considered 
as reversed, i.e. it becomes an addition. Therefore c 4- d should be computed 
in fact. 


When solving the equation, if a positive quantity is subtracted from a nega- 
tive quantity, that is if —d — c is what should be computed according to the 
usual rule, the verse indicates that the subtraction should be reversed, that 
is c + d should be in fact computed. This is the case illustrated in Example 
5. The result obtained is correct only if b — a, (b — a > 0) is computed. 


96We do not have any example where such a computation is carried out. 
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W BAB.2.31 


W.1 Understanding the verse 


Verse 31 gives a procedure that may be understood in an abstract way. Bhaskara 
gives two examples in “worldly computations” (laukikaganita), however his general 
interpretation is astronomical. We will discuss here this aspect of his interpreta- 
tion. 


Let there be two planets, planet 1 and planet 2 whose respective longitudes at 
the time of the computation are A; and A», so that the distance between them is 
Ai — Az ( hence 41 > A2). This value is called “vilomavivara” when the two planets 
are going in opposite directions, “anulomavivara” when the planets are going in 
the same directions. Planet 1 stands in the east; planet 2 in the west. The direct 
motion is from west to east. Their respective motions (gati) g1 and go, correspond 
to the distance they cross in a finite unit of time. 


If they are in opposite motions, then the meeting time, At will be 


Ai — 
pe 
gı +92 
and if they are going in the same direction, 
Àà1—A 
Apes. 
| 91 — 92 | 


As explained by the commentator, these results are approximate. Bhaskara dis- 
tinguishes several cases, and explains the rule as a Rule of Three. He also explains 
how from the time of meeting, the longitude of the meeting spot is found, approx- 
imately. 


W.2 Bhaskara's distinctions and explanations 


Bhaskara justifies the procedure for each of the cases (i.e. when the planets move 
in opposite directions and when they move in the same direction). The basic 
idea is that the variation of the distance separating two planets in a given time 
is, approximately, a constant ratio. T'his ratio can therefore give an approximate 
meeting time or longitude of the meeting. This variation of the distance separating 
two planets in a day is called the “daily passing" (ahniko bhogah, noted Ag). 


W.2.1 Planets with opposite movements 


According to Bhaskara (p. 130; lines 13-14), when two planets move in opposite 
directions, their “daily passing" is equal to the sum of their motions during a day 


(Ag = 1 + 92). 
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Bhaskara then understands the rule to find the meeting time of Gi and G2 as a 
Rule of Three: 


tena trairasikakriyate— yady anenahnikena bhogenaiko divaso labhyate, 
tadà "nena vilomavivarena kim iti] 

A Rule of Three is performed, with that (daily passing): If one day is 
obtained with that daily passing, then what is (the time obtained) with 
that distance of (two bodies in) opposite (motions)? 


With the same notations as before, the ratios understood here are 


Ag :1= A, — A2: At, 


so that 
At = (Ar — A2) x1 
gi + G2 
for a time in days, and 
At= (Ai te A2) x 60 
gi + 92 


for a time in ghatikas, since one day is sixty ghatikas. 


W.2.2 Planets moving in the same direction 


When two planets are in moving in the same direction, their “daily passing” is 
equal to the difference of their motions (Ag =| gi — g2 |). Bhaskara states this 
rather elliptically: 


yada punar anulomagatt etau bhavatas tada bhuktivisesenanulomavi- 
varasya bhagah, yasmad bhuktivisesatulyam ahnikam gatyantaram tayoh| 
Furthermore, when both (planets) are in a direct motion, then, the di- 
vision of, the distance of (two bodies) with a direct (motion), by the 
difference of daily motions (is made), because the difference of daily 
motions is equal to their daily difference of motions. 


Once again, a Rule of Three is stated considering in this case a time given in nadis 
or ghatikas, being two different names for the same measuring unit: 


tato ^nena gatyantarena bhuktivisesena janitena sastir nadya upalab- 
hyante tada anulomavivarena kim iti ghatika labhyante| 

Then, (if) sixty nàdt are obtained with that (daily) difference of mo- 
tions, produced as the difference of daily motions, then what (is the 
time produced) with the distance of (two bodies with a) direct motion? 
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This Rule of Three, would express the ratio: 


Ag : 60 = Ay — Ag: At. 


So that for a time in ghatikas: 


At= (Ai — A2) x 60 

191 — 92 | 
'That this meeting time is an approximation is clearly stated in the first verse that 
Bhaskara quotes from his own astronomical treatise, the Mahabhaskartya. This 
verse also explains that because of this approximation, the determination of the 
longitude of the meeting point requires extra work. 


W.3 Finding the longitude of the meeting point 


Using the same type of ratios, Bhaskara also gives a rule to find the longitude of 
the meeting point of two bodies. 


W.3.1 Two planets moving in opposite directions 


Concerning two bodies with opposite directions, Bhaskara describes the following 
case: 


yadaiko grahah purastat sthito vakri, [anyah] paácad avasthitas carena 
gacchati, tayor antaralalipta vilomavivaram| 

When one planet, standing in the east, goes in a retrograde (motion) 
and [the other], existing in the west, goes in an (ordinary) motion; the 
minutes (liptas) of the interval (antarala) (separating them) is "the 
distance of (two bodies moving in) opposite directions". 


'The situation described here is illustrated in Figure 53. 


Let Ao be the meeting spot of G and G2, and AA; =| Ao — A; |, for i=1,2. Bhaskara 
states the following Rule of Three, once one has found the meeting time in ghatikas 
of G4, and Gə (At): 


yady sasya ghatikabhih grahasphutagatir labhyate, 

tada vilomotpannaghatikabhih ka bhuktir 

If the true (daily) motion of a planet is obtained with sixty ghatikas, 
then what is the motion (obtained) with the ghatikas known (as the 
meeting time of two planets with) opposite (motions)? 


With the same notation as before, the ratio expressed here would be 
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Figure 53: Two planets moving in opposite directions, the second having a direct 
motion 


East 
Gi ( 4) 
1- 2 0 
G ( 2) direct motion 
West 


60 : gi — At: Ari, 
so that 


gi X At 
AA; = . 
É 60 


Once again this ratio may be understood if we consider that numerically g; corre- 
sponds to the distance crossed by planet P; during a day or 60 ghatikas. 


Bhaskara then states: 


labdham anulomagatau grahe praksipyate vilomagater apanzyate| 
What is obtained is summed into the (longitude of) the planet with a 
direct motion, or subtracted from (the planet with) a retrograde motion. 


'That is, if planet 1 is going in a retrograde motion and planet 2, goes in a direct 
one, with the same notation as before: 


o= à Aà = A2 + A23. 
AA, represents the correction of longitudes, taking in account the approximate 
meeting time obtained. 


Bhaskara describes a second case of planets moving in opposite directions, illus- 
trated in Figure 54. 
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Figure 54: Two planets moving in opposite direction; The first planet has a direct 
motion 


East 
G ( 4) 
0 
1- 2 
G, ( 2) direct motion 
West 


With the same notations as before, and with the same type of reasoning, con- 
sidering that planet 1 is going in a direct motion, and planet 2 is going in a 
retrograde motion: 


Xo = ^i —-— AM = A2 + AA». 


W.3.2 Two planets moving in the same direction 


Bhaskara, in the case of two planets moving in the same direction, distinguishes 
between one that goes faster than the other. Whether they are in direct or retro- 
grade motion is explicitly stated to be irrelevant: 


labdham sighragatau pascad vyavasthite ubhayam ubhayatra svam svam 
praksipyate| sighragatau puras sthite tad ubhaym ubhayasmad apaniyate| 
When the (planet with) a faster motion stands westward ; the pair is 
added into the pair, respectively. When the (planet with) a faster motion 
stands eastwards, that pair is subtracted from the pair. In this way the 
past or future meeting times of both are produced. 


The situation described in both cases is illustrated in Figure 55. 


In this case, the pairs referred to are probably the results obtained for each planet, 
respectively in the Rule of Three (ie. AA; and Adz). We can transcribe the 
reasoning in a modern mathematical language. If v < v2, then 


A= à +A = A2 + Arg, 
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Figure 55: Two planets moving in the same direction 


G, ( 1) G, ( 1) 
0 0 
1 2 T 2 
G ( 2) direct motion G ( 2) direct motion 
West West 


and if v1 > ve, 


Ao= à- AAV = A2- Arg. 


X BAB.2.32-33: The pulverizer 


Bhaskara has two general interpretations of the procedure given in verses 32- 
33 that describe a “pulverizer computation” (kuttakdraganita). He reads in these 
verses a ^pulverizer with remainder (sagrakuttakara)" and a “pulverizer without 
remainder (niragrakuttakara)". Having explained and illustrated these two differ- 
ent interpretations, he then gives a long list of solved examples which show how 
one or the other procedure is used in an astronomical context?". 


We will describe and comment on the two different procedures given by Bhaskara, 
and then we will explain the many astronomical situations in which he applies 
them. Descriptions, under the label *General comments", will use a symbolical 
algebraization of the problem. 


X.1 Two different problems 
The problems that a pulverizer “with remainder" and that a pulverizer “without 


remainder" solve, are different but nevertheless equivalent. 


Indeed, the problem solved by a pulverizer “with remainder" is the following: 


What is the natural number N that divided by a leaves R4 for remainder and 
divided by b leaves Rz for remainder??? 


§7For Aryabhata’s and Bhaskara’s treatment of the pulverizer, see [Jain 1995; p. 422-447] 
98Concerning the conditions under which this problem is solvable, please see section X.2.2 of 
this supplement. 
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In a modern mathematical language: 


N=ar+R, 0< Ri <a 
N=by+ Ro 0x Ry <b 


The problem solved by a pulverizer “without remainder” is the following: 


What is the integer x that, multiplied by a, increased or decreased by c and divided 
by b, produces an integer y? 


In other words the problem consists of finding two integers (x, y) that verify 


Qx--c 


where a, b and c are known positive integers. x is called the pulverizer or the 
multiplier (gunaka), y the quotient (labdha). 


If we consider the problem solved by a pulverizer with remainder: R, > Ro, and 
R, — Rə = c, then 


N= ar+ Ri || ax+ce 
N= by+ Rp = b 


What is called “the divisor of the greater remainder” (a) in the pulverizer with 
remainder process is called in the pulverizer without remainder “the divisor which 
is a large number” or “the dividend”; what is called “the divisor of the smaller 
remainder” in the procedure of the pulverizer with remainder is called here “the 
divisor"; and what is called the “difference of remainders” (R4 — R2) is called “the 


interior of a number” .?9 


As we will see, the pulverizer with remainder transforms the problem it solves 
into a pulverizer without remainder problem. Both procedures, therefore, share 
common steps. However the two problems and their two procedures are separated 
in Bhaskara’s commentary. 


We will now describe the process followed for a pulverizer without remainder. 


X.2 Procedure for the pulverizer “with remainder” 


We will present here the different steps of this algorithm. We will then expose some 
of its variations as observed in solved examples, and finally present a mathematical 
analysis of it. 


99For a brief description of how Bhaskara proceeds to give two different interpretations of the 
same compound see [Keller 2000; Volume I, I] and in Volume I, Introduction. 
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X.2.1 General case 
Problem 
The problem this procedure solves is the following: 


What is the natural number N that divided by a leaves R4 for remainder and 
divided by b leaves Rz for remainder?!” 


In a modern mathematical language: 


N=ar+R, 0< Ri <a 
N=by+R OS Ry <b 


Ro Ry 


For Rı > Rə the “setting-down”, in examples, follows this pattern: b » 


Step 1 


Sanskrit Ab. 2.32ab. adhikagrabhagaharam chindyad unagrabhagaharena 


English Ab. 2.32ab. One should divide the divisor of the greater remainder by the 
divisor of the smaller remainder. 


General Comments Supposing Rı > Rez, then a is “the divisor of the greater 
remainder", and b is “the divisor of the smaller remainder"; the following 
computation is then carried out: 

Ti 


=q b Tr 
t a q 
i 1 i 1 1 


We can note that Bhaskara in examples describes the result as follows: “the re- 
mainder is rı above, b below”. This is probably a way of describing the fractional 
part that the division produces. 


Step 2 


Sanskrit Ab.2.32c. Sesaparasparabhaktam 


English Ab.2.32c. The mutual division (of the previous divisor) by the remainder 
(is made continuously.) 


General comments In other words, the following successive divisions are carried 


100Concerning the conditions under which this problem is solvable, please see the last part of 
this section of the supplement BAB.2.32-33. 
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out: 
b T2 
— —qoc— & b=rigtre 
Ti Ti 
Ti T3 
coq perum Ti = T2Q3 T T3 
T2 T2 
T2 T4 
coca p T2 = T3Q4 t T4 
T3 T3 
Tn—2 Tn 
= qn + Tn—2 =Tn-19n + Tn 
Tn—1 Tn—1 


No indication is given concerning how to end the process. The “procedure” parts 
of solved examples suggest that it was stopped when the remainder obtained was 
considered sufficiently small, i.e. before zero was obtained as remainder. We do not 
know according to what criteria a quantity was considered to be small enough. 


Step 3 


Sanskrit Ab.2.32cd matigunam agrantare ksiptam 


English Ab.2.32cd (The last remainder) having a clever (quantity) for multiplier 
is added to the difference of the (initial) remainders (and divided by the last 
divisor). 


General comments As we will see in the next step, Bhaskara indicates how the 
clever quantity should be placed in regard to the previously computed remain- 
der. The placement presupposed, though not explicitly mentioned, would be: 


q2 
q3 


dn 
Bhaskara adds the following gloss which explains under what conditions and 
how the “clever (quantity)" is found!?!: 


matigunam, svabhuddhigunam ity arthah| 

katham punah svabuddhigunah kriyate ? 

ayam rāśih kena gunitedam (edition reads gunitam idam) 
agrantaram praksipya visodhya va asya raseh suddham bhagam 
dàsyatiti agrantare ksiptam| samesu ksiptam visamesu sodhyam iti 


101 [Shuk]a 1976; p.132, lines 15 to 19] 
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sampradaydavicchedad vyakhyayate| 
(As for) “having a clever (quantity) for multiplier”, the meaning 
is: having a multiplier according to one’s own intelligence. 


(Question) 

But how is the multiplier according to one’s own intelligence? 

(It should answer this question:) Will this quantity (the remain- 
der), multiplied by what (is sought) give an exact division, when 
one has added or subtracted this difference of remainders (to the 
product)? 

(As for) “Added to the difference of remainders”; (it is) added 
when (the number of placed terms is) even, subtracted when un- 
even, as it has been explained by an uninterrupted tradition. 


From this remark, we can deduce the following computation. 


If the number of placed terms is even (n = 2p+1, and, because the placement 
starts with the quotient qo, the number of placed terms is n — 1 = 2p) 
one should solve the following equation having the following pair of integer 
unknowns: (k,l), where k is called “the clever (quantity)” (mati). 


Tmk+e E T2544 k +C 


2 


l= 


Tn—1 T2p 
where c= R4 — Ro. 
If the number of placed terms is not even (n — 2p, so that the number of 


placed terms is n — 1 — 2p — 1), the following equation should be solved: 


p Teke _ Take 


Tn—1 T2p—1 


We do not know how these equations where solved. They have the same form 
as the problem solved by a pulverizer without remainder. However, only one 
solution is sought. It is not required that this solution is the smallest possible. 
The clever quantity, may have been found by trial and error. 


Step 4 


Sanskrit Ab.2.33a. adhoparigunitam antyayug 


English Ab.2.33a. The one above is multiplied by the one below, and increased by 


the last. 


Bhaskara furthermore adds:!9?: 


102[Shuk]a 1976; p.132 lines 20 to 23] 
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evam parasparena labdhani padany asthapya, matis cadhah, 
pascimalabdhag ca matya adhah| (...) evam bhüyo bhüyah karma 
yavat karma parisamaptitam itil 

When one has placed in this way the terms obtained by the mu- 
tual (division), the clever (quantity) is placed below, and the last 
obtained below the clever (quantity). (...) In this way, again and 
again the operation (is repeated) until the computation comes to 
an end. 


General comments The placement will then be: 


Then the operation:“ The one above is multiplied by the one below, and 
increased by the last ", is repeated, for all rows, beginning from the bottom 
(i — n,n— 1,...,2): 


qi didi ii + G42 
/ / 

G41 —? G41 
/ 

di+2 


The third element from the bottom of the column is replaced by the result 
of the computation prescribed, and the last element is deleted. 


This procedure is repeated until only two elements remain. 


(qb, q5) is a pair of integer solutions of the original problem!9?, which is not 
mentioned in the text. The procedure continues, considering q5, from which 
another couple of solutions will be derived. 


103P]ease see the last part of this section of the supplement BAB.2.32-33. 
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Step 5 


Sanskrit Ab.2.33b ünagracchedabhajite 


English Ab.2.33b. When (the result of this procedure) is divided by the divisor of 
the smaller remainder. 


Bhaskara furthermore adds 194: 


ünagracchedhabhajite sesam, (...) pürvaganitakarmana 
nispannaràser vibhaktasesam parigrhyate| 

(As for) ^When (the result of this procedure) is divided by the divi- 
sor of the smaller remainder, the remainder". (...) of the division 
of, the quantity produced by means of the previous mathematical 
operation, by the divisor of the smaller remainder is understood. 


General comments In other words, the solution, q5, is divided by b: 


2 t+ g =bt+s (o<s<b). 


The remainder, s, is thereafter considered. s is the least positive solution for 
x of the original problem!95, this is not mentioned in the text. 


Step 6 


Sanskrit Ab.2.33bcd. $esam adhikagracchedagunam dvicchedagram adhikagrayutam 


English Ab.2.33bcd. The remainder multiplied by the divisor of the greater re- 
mainder and increased by the greater remainder, is the (quantity that has 
such) remainders for two divisors. 


Bhaskara furthermore adds!06: 


tad dvayor api chedayor bhajyarasir bhavatiti| 
... That is the quantity to be divided for (i.e. by) both of these 
two divisors. 


General comments 
Ni =as+ Ry. 


N; is the least positive integer that satisfies the original problem, and, at the 
same time, it is regarded as the “remainder” (agra) corresponding to the two 
divisors, a and b, when there is another problem: Find the number N that 
when divided by ab leaves for remainder Nj, and when divided by another 
number leaves another given remainder. 


104[Shuk]a 1976; p. 132 lines 23 to 25] 
105 Please see the last part of this section of the supplement for BAB.2.32-33. 
106[Shuk]a 1976; p.133, lines 2-3] 
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X.2.2 Understanding the general case of the pulverizer with remainder 


Let us recall that the problem treated (“What is the natural number N that 
divided by a leaves R4 for remainder and divided by b leaves Ro for remainder?” ), 
can be summarized as follows: 


N=ar+R, 0< Ri <a 
N — by 4- Ra 0< Ro«b 


a Preliminary remarks 


a.1 Conditions on a and b. The original problem supposes that a,b > 1, since a 
division by 1 would leave no remainder, and that the problem if one of them were 
equal to zero would equally have no sense in this context.!07 


If Rə = Rı = R when a and b are not coprime (that is their only common divisor 
is 1), as we can see in Example 4, then the smallest integer solution N would be 


N = LCM (a,b) + R, 


where LCM (a,b) is the Least Common Multiple of a and b. This is the case of 
the five first quantities in example 4. We do not know, however, how Bhaskara 
proceeded in this case. 


a.2 Conditions on the remainders Usually, in examples, Ry # Rə and Rı Æ 
0, Ro £0. 


Let us remark here that the above system of equations has a solution if and only 
if Rı — Rp is a multiple of the Greatest Common Divisor of a and b. Indeed, let 
(zo; yo) be a solution. Then: 


Ry, — Rə = byo — axo. 


It is a common result of elementary number theory!?® that such a number is 
necessarily a multiple of the Greatest Common divisor of a and b. So that there 
should always be a common multiple for a, b, and Ry — Ro. 


107]f we consider however the set of equations written above, let us suppose that: either a or b 
are equal to zero. If say a would be equal to zero, then we would have a value for N, Rj, that 
would verify the original problem, if and only if 


Ry = by R2 


has an integer solution, that is if and only if R1 — R2 is a multiple of b. 
108See for instance, [Gareth&Jones 1998; Proof of Theorem 1.8., p. 10] 
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If a and b are coprime, then for any difference of remainders solutions can be 
found. Bhaskara in the case of this interpretation of the pulverizer problem does 
not make any such remark on a and b. However concerning a pulverizer without 
remainder, such a fact is stated rather clearly, as we have noted in the section 
concerning this procedure below. 


When R; = Rə = 0, then N is a common multiple of both a and b. If (xo, yo) 
is the smallest solution of this set of equations then by definition, N is the Least 
Common Multiple of a and b. 


Bhaskara at the beginning of example 14 writes: 


kascid rasih suryasya nirapavartitabhudivasair bhagam hriyamanah 
Stinyagrah, candrasyapi $ünyagrah eva sah| 

Some quantity when divided by the reduced number of terrestrial days 
(in a yuga) for the sun, has a zero-remainder (sünyagra), just that (same 
quantity when divided by the reduced number of civil days in a yuga) 
for the moon too has a zero-remainder. 


He later exhibits as such a quantity, the Least Common Multiple of both numbers. 


b Understanding the procedure In the following we will consider that a,b > 1 
and that R4 > R2, c = R4 — Ro. 


'The process is interrupted, it seems, when the remainder obtained is sufficiently 
small!?, We can formalize the process in the following way (in exactly the same 
terms as in Step 1 and 2 of the procedure described in the commentary): 


For an arbitrary n: 


a T 
-—qidct-— e a = bq + nri 
b b 
b T2 
— —qad — & b-ndqoctro 
T1 T 
TL T3 
— —Q3T —— Ti = T2Q3 T T3 
T2 T2 
T9 T4 
Ve = 40 T2 = 7394 T T4 
T3 T3 
Tn-2 Tn 
= qn + Tn—2 =Tn-19n T fa. 
Tn—1 Tn—1 


109Bhāskara’s contemporary, Brahmagupta, and all following known authors continue the 
process until zero is obtained as remainder, and therefore do not compute the “clever quan- 
tity”. 
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By using this set of equations, the equation (*) can be rewritten as a set of two 
equations, (A, i) and (B,i), for i =1,...,n. 


y= arte = Gn trate = qu + Yı where 
rıx +c 
yı = (A,1), 
b 
r= m— = Cigrovec = q2yı d x1 where 
T. — € 
E aa Oe 
Ti 
y= ee > Las taha le = q3£ı + ya where 
T3341 +c 
y2 — (A, 2), 
T2 
Tpz T2U2—C __ (r3qa+r4)y2—c =  qayo + £2 where 
T3 T3 
T. — € 
quos Eur e B2); 
T3 


Yp = EE (4, p) 


T2p—2 


Up—-1 = Q2p—-1Xtp—1 + Up 


Tp—1 = Q2apYp + Tp 
rp = "ae (Bp) 


T2p—1 


Yp = nine; + Yp+1 
T: x È 
Yori = HE (A pa) 


etc. 
Now, with the equation (B,p) is associated an even number of quotients (q2p), 
and in the computation of £p, c is subtracted. 


With the equation (A, p+ 1) is associated an uneven number of quotients (q2p+1), 
and in the computation of yp+1, c is added. 

We can recognize here the computation of the clever quantity and the quotient 
that is associated to it, as in Step 3 of the algorithm. 


If the number of quotients is uneven, the equation (A, p + 1) should be solved by 
trial and error; the solution, k, for z is called “the clever (quantity)” (mati). 
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pa Takte _ Topikte 


Tn—1 T2p 


If the number of quotients is even, the equation of (B, p) should be solved by trial 
and error; the solution, k , for yp is called “the clever (quantity)" (mati). 


p Teke Tapk—e 


Tn—1 T2p—1 


Once a couple of solutions is found, by working the solutions backwards, one arrives 
at a solution x for (*). 


Indeed, by solving the second equation of (A, p+ 1) (resp. of (B, p)), one obtains a 
numerical value for both (£p, yp41) (resp. of (£p, Yp)), which in turn gives a value 
for y, (resp. for zj. 1). With this value of y, (resp. of x 1) the value of xp (resp. 
for yp—1) can be computed and so forth until we have obtained a value for (#1, y1), 
which gives a value for x. 


In other words, by using the succession of equations, for example in the case of an 
uneven number of quotients: 


Up = Q2p41Up t Yp+1 (A, p) 
Lp—1 = Q2pUp + Lp (B,p RS 1) 
Up—1 = Q2p—1Xtp—1 RE Up (A, p = 1) 


Ti = qayo + T2 (B,1) 
Yı = qati + Ya (A, 1) 
t = qoayi + $3; 


one thus arrives at a solution for x. 


Now in this succession of equations we can recognize the computations of Step 4, 
taking for example an even number of quotients: 


q2 q2 

q3 q3 

. -L : =? 

Q2p—1 Q2p—1 

q2p Q2pUp nz Tp = Xp—1 

k = yp Up 

l= 2, 
q2 — q2 — d-quTrgs-m 
q3 q3 = qai + y 3 = V1 
q4 = Ti Tı 
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As we can see, only q2 is needed to compute x, which may explain why there is 
no need to “set down” qı. 


Step 5, by dividing that very value of x by the “smaller divisor", and thereafter 
considering the remainder of the division, assures that the value found for x is the 
smallest possible. Step 6 replaces the value for x in the first equation: 


N =az + Ri, 


So that N1, the value obtained for N is such that 


Ni =— as + R,. 


c Procedure with more than two quantities and short cut N; satisfies the orig- 
inal problem, and, at the same time, it is regarded as the “remainder” (agra) 
corresponding to the two divisors, a and b, when there is another problem: Find a 
number N that when divided by ab leaves for remainder N1. This can be formalized 
as 


N = (ab)u + Ni. 


A solution, N, of this problem is also such that when divided by a, it has for 
remainder R,. Likewise, when N is divided by b, it has Rə for remainder. This 
property is used when the problem concerns more than two couples of divisors 
and remainders. This is the case for instance in examples 3 and 4. If one has to 
solve a problem with more than two couples of divisors and remainders, if all the 
remainders are equal an evident solution will be the LCM of all divisors increased 
by the remainder (this is the case of the solution the example of Ms. E would 
bear). If just a certain number of these integers have the same remainder, the 
problem will be equivalent to solving the pulverizer of the LCM of those integers 
with their common remainder, and the others. 


In Example 1, Bhāskara stops short of the “Euclidian Algorithm”. The clever quan- 
tity he computes and the corresponding quotient, correspond, with our notations, 
to the computation of: 
rit Fê 
n = 2T (Aa). 
The clever quantity is hence a value for x, which is then reduced to its smallest 
possible value by Step 5, and with which the value of N is computed in Step 6. 


We will briefly expose here the steps followed by Bhāskara when he uses his short 
cut, and when considering more than two quantities. 
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X.2.3 Bhaskara’s short cut 


In Example 1, Bhaskara uses a “short-cut” whose steps we will now expose. The 
problem solved is the same and starts in the same way: 


Step 1 


“One should divide the divisor of the greater remainder by the divisor of the 
smaller remainder." 


Supposing Rı > Ro, then a is “the divisor of the greater remainder”, and b is “the 
divisor of the smaller remainder": 


= UU AMEN bq + 
Pul — = T1. 
b qi à a qı 1 


However here rı is considered sufficiently “small” and step 2 is skipped 
Step 3 
The number of placed terms is considered to be even. 


One should solve the following equation having the following pair of integer un- 
knowns: (k,l), where k is called “the clever (quantity)” (mati), 


rık+c 


l= 
b 


Step 4 is skipped also but the “setting-down” would be: 


Step 5 


The upper element of this column, k is divided by b: 


k 
Pp-66ie k=bt+s (o<s<bD). 


The remainder, s, is thereafter considered. 


Step 6 


Ni = as + R,. 


N; is the least positive integer that satisfies the original problem. 
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X.2.4 Procedure for problems with more than two couples of numbers 


Problem 

What is the integer N that when divided by a4 has rı for remainder, that when 
divided by ag has rg for remainder, ---, that when divided by a, has ry, for 
remainder? 

Procedure 


A first pair of couples is chosen (say (a1,r1) and (a2,r2)) to which the pulverizer 
procedure is applied, and for which an integer N; is found. Then a following pair 
is taken (say, (aa, r3)) , to which the pulverizer procedure is applied together with 
the couple formed of the product of the previous divisors and the result found 
( (a1a2,.N1)). And so forth, until all the couples are used. The last pulverizer 
procedure applied gives the solution of the problem. If two remainders are the 
same, Bhaskara indicates in Example 4: 


atrecchaya 'dhikagro rasih parikalpaniyah| 
In this case, the quantity which has the greater remainder should be 
chosen according to one's will. 


We do not know if Bhaskara computed the largest common multiple of these 
divisors, in order to overcome the problem that occurs when two divisors are 
multiples of one another. 


X.3 Procedure of the pulverizer without remainder 


We will present here the different steps of this algorithm such as described in the 
general commentary. Then we will present two alternative procedures, solving the 
same problem, and found in the “procedure” part of solved astronomical examples. 


X.3.1 General procedure 


Problem 


What is the integer x, that multiplied by a, increased or decreased by c and divided 
by b, produces an integer y? 


In other words the problem consists of finding two integers (x, y) that verify 


ax Ec 


a, b and c are known positive integers. x is called the pulverizer or the multiplier 
(gunaka), y the quotient (labdha). 
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In the “setting-down” part of examples, this is the pattern followed: : 


Sometimes c is omitted. 


At the beginning of Example 22 Bhaskara writes!?: 


bhagaharabhajyagramam ekena apavartanacchedena apavartanan krtva 
pürvavat kuttakarah. kriyate| atha punar etani bhagaharabhajyagrani 
chedenaikanapavartanam ma prayacchati yatha tatha sav uddesakah, 
tadrsa/s caiko rāśir eva nasty ato na aniyate| 

When one has performed the reduction, by a unique reducing divisor, of 
the divisor, dividend and remainder, as before, a pulverizer is performed. 
Now, on the other hand, (if) that example is such that these divisor, 
dividend and remainder do not allow such a reduction with a unique 
divisor, as there is no such one quantity (that satisfies this equation), 
(such a quantity) is not computed (with a pulverizer). 


So that as we have noted above, Bhaskara suggests reducing the numbers used in 
examples before starting the computation (these truly get to huge proportions in 
astronomical problems) but is also well aware that c should be a multiple of a and 
b in order for such a problem to have a solution. 


Step 1 


Sanskrit adhikagrabhagaharam chindyad ünagrabhagaharena 


English One should reduce the divisor which is a large number (and the dividend) 
by a divisor which is a small number. 


General Comments In other words, one should discard common factors from a 
(the dividend) and b (the divisor), a new couple (a’, b’) is therefore considered; 
where a’ and b’ are coprime (that is their sole common divisor is 1). This 
step can be seen as a “short-cut” for the following process of the “Euclidian 
Algorithm". Practically, Bhaskara always discards their GCD. 


Step 2-Step 4 


As we have noted before, if we consider the problem solved by a pulverizer with 
remainder: R4 > R5, and R4, — Ra = c, 


N= by+ Re m aes b 


us at+ Ry ax+c 


Therefore, as noted by Bhaskara as well, these steps are similar to Step 2- Step 4 
of the pulverizer with remainder. 


110(Shukla 1976; last paragraph p.149-150] 
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Therefore here, the first division is that of the divisor by the dividend. In the end 
of this process we have two quantities, q5 and q4. 


Step 5 


Sanskrit ünagracchedabhajite sesam 


English When (the remaining upper quantity) is divided by the divisor which is a 
small number, the remainder is (the pulverizer. When the lower one remaining 
is divided by the dividend the quotient of the division is produced.) 


Bhaskara further glosses!!!: 


upari[rasih] bhagaharena bhaktah [karyah], adhorasir bhajya rasina 
bhajyah 

The upper [quantity should be made to be] divided by the divisor; 
the lower quantity should be divided by the dividend quantity. 


The two remainders are the pulverizer and the quotient of the division. 


General With the same notation as before qj (“the upper quantity") is divided 
by b (“the divisor"): 
q5 — tb 4- u. 


u is called the pulverizer. 


q (“the lower quantity") is divided by a (“the dividend"): 


qg = va +w. 


w is called the quotient. 
The result is usually set down in a column: 


At the end of his resolution of Example 9!!?, Bhaskara indicates: 


[athava] yavad abhirücitam prcchakaya 
[Or else] until it pleases the inquirer (prcchaka), (the values should 
be increased by multiples of the constants). 


This somewhat elliptic remark, may refer to the following rule, given in the 
Mahabhaskariya [Shukla 1960; sk p. 8, eng. p. 40]: 


Hl[Shukla 1976; p.135 lines 17 to 21] 
H2?[Shukla 1976; p.139] 


158 


Supplements 


yojyam ca bhagalabdham bhajye prastarayuktyaiva|| 

Mbh.1.50. (To obtain the other solutions of a pulverizer) the in- 
telligent (astronomer) should again and again add the divisor to 
the multiplier and the dividend to the quotient as in the process 
of prastara (“representation of combinations"). 


In other words if (m, n) is a solution of 


where (z, y) are the unknowns, then, for any integer t, 


m, =m + tb 


m=n+ta ? 


are also solutions of this problem. 


X.3.2 Alternative procedures 


a The sthirakuttaka In his commentary on Example 7, and then system- 
atically in all resolutions after this one, when solving 


azt dc 


Bhaskara, instead of the usual procedure, proposes as an alternative to solve 
with the same procedure the following problem: 


/ ar +1 


The values found as solution are then used in a Rule of Three, with the 
following proportions: 


1:z'—oc:z" 
1:y/2oc:y" 


The smallest values possible for x and y are found, by considering the re- 
mainders of the divisions of x” by b, and of y" by a. 


This is known in later literature as the sthirakuttaka (fixed-pulverizer). 


'The versified table that ends the ganitapada gives the smallest possible solu- 
tions for problems of the type 


X. BAB.2.32-33: The pulverizer 159 


ar—1 
b , 


using many different types of astronomical constants 


113 


Solutions of 


|. aQvtl 
LES 
may be easily derived from the type above, as 
z—b-—v 
y-—a-—u 


If no general rule is given by Bhaskara in his commentary, such a process is 
described in the Mahabhaskariya [Shukla 1960; p. 32-33]: 


Mbh.45. rüpam ekam apasyapi kuttakarah prasadhyate| 

gunakaro ‘tha labdham ca rast syatam uparyadhah| 

Mbh.46.ab. istena gesam abhihatya bhajed drdhabhyam 

sesam dinani bhaganadi ca kirtyate ‘tral 

Mbh.I.45-46ab. Alternatively, the pulverizer is solved by subtract- 
ing one (i.e., by assuming the residue to be unity). The upper and 
lower quantities (in the reduced chain) are the (corresponding) 
multiplier and quotient (respectively). By the multiplier and quo- 
tient (thus obtained) multiply the given residue, and then divide 
the respective products by the abraded divisor and dividend. The 
remainders obtained are here (in astronomy) the ahargana and the 
revolutions (performed respectively). 


This can be understood as follows: 


If (m,n) is a solution of 


| ari 
y= b , 


where (x, y) are the unknowns. If (mo, no) are respectively the remainders of 
the division of cm by b, and of cn by a, 


mo — cm —06q (0< mo « b), 
no =cn—aq (0< no <a), 


then, (mo, no) is a solution of 


a£ x c 


113We have not translated this versified table. It is summarized, and all values given, in [Shukla 
1976; Appendix ii, p.335-339] 
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b Another alternative In his resolution of Example 11!!4, Bhaskara de- 
scribes an alternative procedure: 


atra bhagaharena bhajyam vibhajya labdham prthagavinastam 
sthapayet| Sesasya bhüdivasanam ca kuttakaram krtva 
labdhasyoparirasim kuttakaram avinastasthapitena prthak 
samgunayya bhagalabdham praksipet| bhagalabdham bhavati| 

In this case, having divided the dividend by the divisor, one should 
place the quotient separately (and keep it) unerased. When one has 
performed the pulverizer of the terrestrial days and the residue, 
when one has multiplied separately the higher quantity of the 
(two) obtained by the pulverizer of the (quantity) kept unerased, 
one should add the quotient of the division (which stands below). 
(This) produces the quotient of the division. 


Which can be understood as follows. What is obtained at the end of the 
process which proceeds upwards is 


qg =a 
yı 


where y; is defined as 
y = tq +y. 


Bhaskara, here indicates that one should set aside qı defined as the quotient 
of the division of a by b: 
a = bqi +711. 


Therefore the computation described here corresponds to a computation of 
y: 
ta + Yi =y. 


X.4 Astronomical applications 


The kind of astronomical problem solved by the procedure of the pulverizer with- 
out remainder is introduced in Bhāskara’s commentary without an explanation 
relating that process to given astronomical problems. These relations, however, 
can be found in the Mahabhaskariya. 


The basic idea is that the number of revolutions of a given planet, during a certain 
time is not a round number, but has, in addition to an integral value, a fractional 
part, or residue (sesa). This is also true, if are considered not only the number 
of revolutions, but also the number of signs (ràsi or bhagana), degrees (bhaga) or 


114[Shukla 1976; p.141, line 15-18] 
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minutes (lipta), crossed by the planet during a given time. This time is usually 
evaluated in terms of civil days (ahargana). 

We will consider from now on, the following notations!?: 

Let A, be the number of civil days in a yuga, Gy the number of revolutions 
performed by planet g in a yuga. 


All the planet’s revolutions in a yuga are given in Ab.1.3; the number of civil 
days in a yuga are deduced from both Ab.1.3 and Ab.3.3 and 5. This computation 
is described in the Appendix 4, which shows how this value of A, is obtained: 
Ay = 1577917500. 


As A, and G, will respectively be the dividend and divisor of a pulverizer with- 
out remainder, they are systematically reduced by their greatest common divisor. 
This can be seen in Bhaskara’s commentary, at the beginning of the section on 
mandalakuttakara (p. 135-136): 


etàv ünagracchedàrtham parasparena bhajyau| sesam tindgracchedah 
These two should be divided by one another in order (to obtain) the 
divisor which is a smaller number. What remains is the divisor which is 
a smaller number... 


Since the “divisor which is a smaller number" is, in this case, the greatest common 
divisor of the two first numbers, it appears that it was found by what is commonly 
called *the Euclidian Algorithm". 


In the following, for the sake of convenience, we will also call A, and Gy the 
numbers obtained after reduction. (G,, is usually called in secondary literature, 
the “revolution number" of the planet.) 


Let A be the number of days elapsed since a given epoch (ahargana). Here it is 
always the number of civil days elapsed since the beginning of the Kaliyuga. 


Let G be the number of revolutions performed by a planet g in A days. G can 
be decomposed as the integral number of revolutions (mandala) performed, M, 
the integral number of signs (rai), R, degrees (bhaga), B, and minutes (lipta), L 
crossed. 


All the procedures use the ratio 


'The reasoning followed in all the problems is basically the same, involving different 
ratios, according to the units considered, and occasionally a difference of sign in 
the pulverizer to solve, whether the fractional part of the path of g is considered 


115A]] the notations used in this supplement are summed up on a list, at the end of this 
supplement. 
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as a surplus of the integral number of revolutions, or the part missing to obtain an 
integral number of revolutions. For the sake of simplicity, we have set aside here 
both the operations involving the reduction of the numbers of days and revolutions 
in a yuga and those converting values given in examples in homogeneous units (that 
is the conversion of a latitude given in degrees and minutes into minutes, etc.). 


X.4.1 Planet’s pulverizer (mandalakuttaka) 


This computation concerns the commentary on verses 32-33, p.136-138. The planet 
considered is the sun. 


a Planet’s pulverizer with the residue of revolutions 


Problem Let A = z, be the number of days elapsed since a given epoch (ahargana), 
usually the beginning of the Kaliyuga. Let M = y be the integral number of 
revolutions (mandala) of a planet g during x days. These are the unknowns 
to be found, knowing: 


-A, the mean longitude of planet g in minutes after x days. (A = (30 x 60) R+ 
(60 x B) + L.) 


- G,, the reduced number of revolutions of planet g in a yuga. 


- A,, the reduced number of civil days in a yuga. 


In the “setting down” part of examples, the disposition follows this pattern: 


Integral number | Integral number Integral number 
of signs crossed | of degrees crossed | of minutes crossed 
R | B L 
or 


Integral number of signs crossed R 
Integral number of degrees crossed | B 
Integral number of minutes crossed | L 


Procedure with the mean longitude Let A be the mean longitude of planet g in 
minutes. Ry the “residue of revolutions”, is defined as follows: 


Ax Ay 
Ru = 31600" 


In the Mahabhaskariya, the following rule occurs (| Shukla 1960; p. 33]116): 


116The first example given on this topic in Bhaskaraá commentary is explained in the pages 
34-35. 
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rasyadayo nirapavartitav asaraghna rasyadimanabhajitah 
pravadanti sesam 

Mbh.1.46cd. (In the case the longitude of a planet is given in terms 
of signs, etc.) the signs, etc. are multiplied by the abraded number 
of civil days (in a yuga) and the product is divided by the number 
of signs, etc., (in a circle). The quotient is stated to be the residue 
(of revolutions). 


In this case here the mean longitude of g (A) is reduced to minutes, so that 
the divisor is the number of minutes in a circle. 


The residue of revolutions, Rm, can be understood as the number of civil 
days taken to accomplish that part of a revolution indicated by A,. Since 
21600 is the number of minutes in a circle, we have 


Ru 0^ 
A, 21600 


When computing Rm in his commentary, Bhaskara always considers an ap- 
proximation of the quotient obtained, so that it may be an integer. 


Two alternative methods are proposed having obtained this residue of revo- 
lution”, to solve the above problem: 


Procedure 1 Find a couple solution of 
Gyz — Ry 
= a; . 


x = A is the number of days elapsed since a given epoch and y = M is the 
integral number of revolutions of a planet g during x days. 


We can understand the process used here as the follows. When di the 
residual mean longitude in terms of revolutions, is the non-integer part of 
the number of revolutions performed by G: 


A 
T — V zi600 


'This is equivalent to 


AX Ay 
21600 * 


where Ry — 
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Procedure 2 Uses a “sthirakuttaka” process!!*, that is: 


Find a couple solution of 
, Gyr —1 
ETE 
y 
The values obtained for this pulverizer are tabulated by Bhaskara at the end 
of the ganitapaádal!. 


Then using the following ratios, z" and y" are computed: 
Ip = 
Tig = 


the smallest values possible for x and y are found, by considering the remain- 
ders of the divisions of z" by A,, and of y" by Gy. 


b Planet's pulverizer with the revolutions to be accomplished A similar proce- 
dure is found when considering the complementary part of the partial revolution 
accomplished. In this case, the part of the revolution to be crossed is added, when 
considering the pulverizer to solve. 


Problem Let A = x be the number of days elapsed since the beginning of the 
Kaliyuga (ahargana). Let M = y be the integral number of revolutions of a 
planet g during x days. These are the unknowns to be found, knowing: 


-A, the part of a revolution to be accomplished by g so that the number of 
revolutions would be integer (A + A = 1 revolution). 


- Gy, the reduced number of revolutions of planet g in a yuga. 


- Ay, the reduced number of civil days in a yuga. 


In the “setting down” part of examples, the disposition follows this pattern: 


Integral number of signs to be crossed R 
Integral number of degrees to be crossed | B 
Integral number of minutes to be crossed | L 


A rule is given for this problem in the Mahabhaskariya'!?: 


gantavyam istam yadi kasyacit syad gantavyayogad idam eva karma| 
rüpena và yojya vidhir vacintyah sarvam samanam khalu laksanenal| 
Mbh.1.51. When the part (of the revolution) to be traversed by 


117This process is explained in the section on the pulverizer without remainder. 

118We have not translated this versified table. This table is summarized in [Shukla 1976; Ap- 
pendix ii, p.335-339] 

119[Shukla 1960; sk p. 8-9, eng. p. 41] 
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some (planet) is the given quantity, then (also) the same process 
should be applied, treating the part to be traversed as the addi- 
tive, or taking unity as the additive. All details of procedure are 
the same (as before). 


Finding the part of a revolution to be accomplished The computation is exactly 
the same as the one described above. That is, if A is the part of a revolution 
to be accomplished by g in minutes, since 21600 is the number of minutes in 
a circle, then the “ part of a revolution to be accomplished”, R^;, is: 


, . AX Ay 
M" 21600 ` 


Having obtained this value two alternative methods are proposed to solve 
the above problem: 


Procedure 1 Find the smallest couple solution of 


_ Gyz + Ru 
Ium xm 


Procedure 2 Find the smallest couple solution of 


1 Gyz’ +1 
Ay 
The values of 
is G,v' —1 
Ay 


are tabulated by Bhaskara at the end of the ganitapada. From these, x’ and 
y' are obtained: 


the smallest values possible for x and y are found, by considering the remain- 
ders of the division of x” by Ay, and of y" by Gy. 
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X.4.2 Pulverizer with the residue of signs 


Here, both the integral number of revolutions performed by g, M, and the following 
number of signs crossed by this planet, R, are unknown. 


Problem Let A = x be the number of days elapsed since the beginning of the 
Kaliyuga (ahargana). Let 12 x M+ R = y be the integral number of signs 
crossed by g during x days. These are the unknowns to be found, knowing: 


-\', the remaining degrees and minutes crossed by g after x days in minutes 
(X 260 x B+ L). 


- Gy, the reduced number of signs crossed by planet g in a yuga. 
G'y = Gy x 12, 


as there are 12 signs in a revolution. 


- Ay, the reduced number of civil days in a yuga. 


In the “setting down" part of examples, the disposition follows this pattern, 
where the *0" indicates what is unknown or an empty space: 


Integral number of revolutions crossed | 0 
Integral number of signs crossed 0 
Integral number of degrees crossed B 
Integral number of minutes crossed L 


Finding the “residue of signs" A similar ratio to the one used in the cases above 
gives us the residue of signs (Rr), from A’, 1800 being the number of minutes 
in a sign: 
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In other words 


A x Ay 


En = 1800 


Having obtained the residue of signs three alternative methods are proposed 
to solve the above problem: 


Procedure 1 Find the smallest couple solution of 


Gyz — Rpr 
jx Rs 
Ay 


The value found for y is the number of signs crossed by g during x days. 
The remainder of the division of y by 12 will give the number of revolutions 
performed by g in x days. 


Procedure 2 Find a couple solution of 


These values are tabulated by Bhaskara at the end of the ganitapada. Per- 
forming a Rule of Three with 1 and Rp, and dividing the results respectively 
by A, and G}, will give the results. 


Procedure 3 Find a couple solution of 


The following procedure is not given by Bhaskara, thought he indicates that 
a Rule of Three should be used. We can consider the following, thought this 
is just a hypothetical construction in order to understand why this pulverizer 
is computed: 


We have the ratio 
A | Ry 


21600 — Ay ’ 


where, as in section C.3.1, Rm is the residue of revolutions and A = (30 x 
60) R + (60 x B) + L = (30 x 60) R + A'. So this is equivalent to 


(30 x 60)R+N — Ry 
21600 ~ Ay” 
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Now if we consider this residual part of revolutions accomplished, not in 
terms of minutes, but in terms of signs (or if we reduce the left-hand fraction 
by 30 x 60 = 1800) we have 


24 
R+ soxe0 — Ru 


12 Ay. 
Let v = R and u = Ry and we recognize here: 
x Ay 
ae 12u — Tso _ 12u — Hn 
Ay Ay 


Bhaskara would thus solve this problem by a sthirakuttaka. 


u being the residue of revolutions, the problem 
= Gyr—u 
Ay 7 
when solved gives with x the number of days elapsed since a given epoch, 
and with y' the number of revolutions accomplished in x days. Together with 
the value found for v, we can find the total number of signs crossed by g in 
x days. 


a Pulverizer for the residue of degrees The process follows the same pattern 
as before, the difference being that one seeks the total number of degrees crossed 
by g in x days, that is that, M, R and B are unknown. 


Problem Let A — x be the number of days elapsed since a given epoch (ahargana). 


Let 12 x 30M + 30 x R+ B = y be the integral number of degrees crossed 
by g during z days. These are the unknowns to be found, knowing: 


=A, = L, the remaining minutes crossed by g after x days. 

- Gy, the reduced number of degrees crossed by planet g in a yuga. 
G"y = Gy x 360, 

as there are 360 degrees in a revolution. 


- Ay, the reduced number of civil days in a yuga. 


In the “setting down" part of examples, the disposition follows this pattern, 
where the *0" indicates what is unknown or an empty space: 


Integral number of revolutions crossed | 0 
Integral number of signs crossed 0 
Integral number of degrees crossed 0 
Integral number of minutes crossed L 
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Finding the“residue of degrees” A similar ratio to the one used in the cases above 
gives us the residue of degrees (Rg), from A7, 60 being the number of minutes 


in a degree: 
Re OX 
Ay 60 
In other words 
Nx A 
BuÉcu 0. 
= 60 


Having obtained the residue of degrees three alternative methods are pro- 
posed to solve the above problem: 


Procedure 1 Find the smallest couple solution of: 
a Gyz = Rpg 


y A, 


The value found for y is the number of degrees crossed by g during x days. 
The remainder of the division of y by 360 will give the number of revolutions 
performed by g in x days. 


Procedure 2 Find a couple solution of 
_ Geo! 
Ay — 
These values are tabulated by Bhaskara at the end of the ganitapada. 


Performing a Rule of Three with 1 and Rp, and dividing the results respec- 
tively by A, and Gy will give the required results. The remainder of the 
division of y by 360 (i.e. the number of degrees in a revolution) will give the 
number of revolutions performed by g in x days. 


Procedure 3 Find a couple solution of 


, 30w-1 
v = — ——, 
Ay 


The following procedure is not given by Bhaskara, though he indicates that 
a Rule of Three should be used. We can consider the following: 


We have the ratio 
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Ab Rr 


1800 A, 


which is equivalent to: 
(60x B)+L Hg 


180 |— Ay 


Now if we consider this residual part of signs crossed, not in terms of signs 
but in terms of degrees (or if we simplify the left-hand fraction by 60): 


B+ ái _ Rn 
30 A 
Let v = B and u = Rp, then 
30u— 2577» — 304— Rp 
v= = s 
Ay Ay 

Since u is residue of signs, the problem 

fe Gjv—u 

Ay 


when solved, gives with x the number of days elapsed since the beginning of 
the Kaliyuga, and with y' the number of revolutions accomplished and the 
number of signes crossed in x days. Together with the value found for v, we 
can find the total number of degrees crossed by g in x days. 


b Pulverizer for the residue of minutes The procedure follows the same pattern, 
considering residual seconds, crossed by G. 


X.4.3 Week-day pulverizer 


Problem A planet g, has a given mean longitude, À, on a week day V. After 
a certain number of weeks (w) and a couple of days (a), g has the same 
longitude on another week-day, Va. 


Let a be the number of week-days seperating V from V, (V excluded, V, 
included; a < 7). 


Let Ay be the number of days elapsed in the Kaliyuga when the sun is in V. 


Let Ay, be the number of civil days elapsed in the Kaliyuga for which the 
sun on V, has the given mean longitude in V. 


Ay and Ay, are to be found, knowing \ on V; A, and Gy. 
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Resolution The computation of Ay corresponds to a usual “planet-pulverizer” : If 
Ay = z and y=M, then by solving with a pulverizer the problem: 


u Gyx = Ru 

= T ; 
the required value for Ay is found. Let x9 be such a value. 
In the Mahabhaskariya there is the following rule!??: 
apavartitav asaradisesat kramasastan apaniya rüpapürvam| 
kuttakalabdharasim esam gunakaram samuganti varahetoh|| 
MBh.1.48. Divide the abraded number of civil days (in a yuga) 
by 7. Take the remainder as the dividend and 7 as the divisor. 
Also take the excess 1,2, etc., of the required day over the given 
day as the residue. Whatever number (i.e. multiplier) results on 
solving this pulverizer is the multiplier of the abraded number of 
civil days. The product of these added to the ahargana calculated 
(for the given day) gives the ahargana for the required day. 


And in his introduction to Example 12 of the commentary to verses 32-33, 
Bhaskara writes: 


nirapavartitabhüdinesu saptahrtavasistesu kuttakarah kriyate| 
grahavaro yo nirdistas tasmad y[ad u]ttaro grahavaras tatah 
prabhrti ekottaraya vrddhyapacayam parikalpya evam labdham 
kuttakaro nirapavartitabhudinanam gunakaras tena gunitesu 
nirapavartitabhudinesu nirdistastryenanitam aharganam 
praksipya jatadivasatulyah kala adestavyah 

A pulverizer should be performed for the residue of the division 
by seven of the reduced terrestrial days. When one has chosen a 
subtractive (term for the pulverizer) by means of a one-by-one in- 
crease beginning with the weekday which is immediately after the 
indicated week-day, what is obtained in this way is the pulverizer 
which is the multiplier of the reduced terrestrial days; when one 
has added the passed number of days (in the Kaliyuga, obtained 
with) the indicated sun, to the reduced terrestrial days multiplied 
by that (pulverizer), the time equal to what has been produced 
should be announced (as the answer. 


In this case, the pulverizer considered is, if A, is the residue of the division 
of A, by seven (Aj, = A, — 7q), a corresponding to the “one-by-one increase 
beginning with the weekday which is immediately after the indicated week- 
days": 


120 [Shukla 1960; sk p. 8, eng. p.36-37(this is an adaptation — see note 1, p.37)] 
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If (vg, wo) is a solution, then 
Ay, = Ayvg + to. 


This can be understood as follows: if A, is the reduced number of civil days 
in a yuga, so that the number of weeks in a yuga is ay then we have the 


proportion: 
AAV = w + 7 
Ay, A’ 


where Aav is the number of civil days after which the sun, having had that 
given longitude in V, has the same longitude in V4, and w is the number of 
weeks in Aav, so that Aay = Tw +a. 


If?! v = 4av then we have 
y 


From this proportion we can deduce the following problem solved by a pul- 
verizer: 


Let (vo, wo) be a solution of that problem. 


Since Ay is the number of days elapsed in the Kaliyuga when the sun is in 
V, Ay, the number of civil days elapsed in the Kaliyuga for which the sun 
on V, has the given mean longitude, and AAy the number of civil days after 
which the sun, having had that given longitude in V, has the same longitude 
in V, then 

Ay, = Av + Aav. 


121There seems to be a paradox here, as Aay is thus defined as a multiple of Ay, therefore 
Aay > Ay. This assumption without any comment is also made by K.S. Shukla, when he solves 
example 12. [Shukla 1976; p.317] (A being what we denote Aav, 210389 being the reduced 
number of civil days in a yuga for the sun). We can, nonetheless, remark that Ay is, here, the 
reduced number of terrestrial days in a yuga and not the total number, so that this is not as 
absurd as it may seem. However, just why should this be presupposed and whether this is the 
exact rending of the computation described by Bhaskara, remains to be investigated. 
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By definition of vo, and zo: 


Ay, = To + Ayvo. 


Now the particular solution, vj, for v’ makes also the quotient 
Ayv—a 
7 


integer because 


X.4.4 Particular pulverizers 


Some of the examples proposed by Bhaskara combine several of the problems and 
procedures exposed above. 


a A particular planet's pulverizer The problem here considers the remaining 
part of a degree to be crossed by a planet, combining thus a “pulverizer for a 
revolution to be accomplished” and “a pulverizer with the residue of degrees". In 
Example 13 [Shukla 1976; p.143] is exposed a problem and resolution of this type. 


Problem Let A — x be the number of days elapsed since a given epoch (ahargana). 
Let (12 x 30)M + 30R + B = y be the integral number of degrees crossed by 
g during x days. These are the unknowns to be found, knowing: 


-A”, the part of a degree to be crossed by g so that the number of degrees 
crossed since the beginning of the Kaliyuga would be integer. 


- Gy, the reduced number of degrees crossed by planet g in a yuga. 
G”y = 360 x Gy, 


as there are 360 degrees in a revolution. 
- Ay, the reduced number of civil days in a yuga. 
Procedure After having computed the residue of degrees to be crossed, 
A" x Ay 


jew 
B 60 , 


the following problem is to be solved directly by a pulverizer procedure, or 
by using a sthirakuttaka: 
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p Gyz + Rg 

Ay . 
The value found for y — 1, when divided by 360 gives the integral number of 
revolutions performed by g in x days. 


b A particular week-day pulverizer 


Problem In this case, the mean longitude of planet gı (Ai), and the mean longitude 
of planet gə (Az) are known, for a given week-day (V); the number of days 
until they will both be of the same longitude again on another week-day (V,) 
is what is sought. 


Finding the LCM Let A, be the reduced number of days in a yuga for g1; A» the 
reduced number of days in a yuga for gz. The Lowest Common Multiple of 
these two numbers (LCM (A1, A2)), can be defined as: 


Aix A 
LCM (Aj, A2) = GOD. An)’ 


It is found by the following process: 


-The Greatest Common divisor (GC D( A1, A2)) is found, probably by a “Eu- 
clidian algorithm". 


In the case of the preliminary part of Example 14, it is defined as the quan- 
tity which leaves a zero remainder ($ünyagra), when divided by Ai or by 
A». It bears the name “(quantity) having such remainder for two divisors.” 
(dvicchedagra). 


-The quotient of the division of A, (resp. Az) by GCD(A1, A2) (qi) (resp. 
q2) is considered. 


Then 
LCM (Aj, A2) = EU X qo = Ag X qı. 


'This is expressed quite elliptically in the preliminary part of Example 14, but 
corresponds to the computations carried out: 


dvicchedagrasamvargo hi nama sadrsikaranam 

the product of (one reduced day by the quotient of the other by the 
quantity) having such remainder for two divisors (dvicchedagrasamvargo) 
has the name “procedure of equalizing (sadrsikaranam) for two 
quantities". 
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Finding the number of days elapsed in the Kaliyuga when gı and g2 are in V 


'This involves a usual planet-pulverizer: The smallest integral solution found 
for x (xo) in any of these equations gives the desired value 


A week-day pulverizer The following problem is solved by a pulverizer: 


LCMY(A:, A»)v — Gà 
w= 5 
7 


Let vo be the smallest integral value found. Then 


Aay = LCM(Aj, A2)vo + Xo. 


Thus , the following equality explains this formulation of the problem: 


a 
wctz NE: 


LCM(A,A) T 


where 
NENNEN 
LCM(A,, A3). 


X.4.5 A pulverizer using the sum of the longitudes of planets 


Problem Let A = x be the number of days elapsed in the Kaliyuga. This is the 
unknown to be found, knowing: 


-XA, the sums of the mean longitudes of n planets, in minutes, after x days. 
(DA = 32 24A; = 32 24(30 x 60)R; + (60 x By) + Lj, n < 7)122. 


- XG,, the reduced sum of the number of revolutions performed by each 
planet in a yuga. 


- Ay, the reduced number of civil days in a yuga. 


122 ^ list of the planets is given in Ab.3.15. 
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Procedure The procedure, with these constants, is the same as in a regular planet’s 
pulverizer. Having computed the residue of revolution of the sun, 


XA x Ay 
21600 ' 


the problem to be solved by a pulverizer or by a sthirakuttaka is 


XRM = 


= uGyx — XRM 
Ay i 


The smallest solution found for y is the sum of the revolutions performed by 
n planets in x days. 


As before, the constant ratio behind this problem is 


A c | Gn 
Ay Ga ER 
so that 
A XG, 
Ay — XG' 


This procedure is described in example 15 [Shukla 1976; p.144sqq]; where only two 
planets are considered, the sun and the moon. However Bhaskara adds: 


evam anyesam api samasaprasnesu kuttakarah kalpaniyah, 
ràsibhagaliptasesvapi| evam eva tricatuhsamasesvapi vistarena vyakhyeyam| 


In this way, in questions concerning the sums of other (planets) too, a 
pulverizer is to be performed (kalpantya), and also (in questions) con- 
cerning residues of signs, degrees and minutes. In this very way, in the 
case of the sums of three or four (planets) also an explanation should 
be given in detail (if necessary). 


X.4.6 Knowing the number of revolutions performed by two planets 


Problem The number of revolutions performed since the beginning of the Kaliyuga 
by gi (y) and the integral number of revolutions performed by gə (z) are 
sought, knowing: 

-Às, the mean longitude of gə in minutes, known when gı completes a revo- 
lution. 


-G, and G5», (previously reduced by their greatest common divisor), the re- 
duced sum of revolutions performed by gi and gs in a yuga. 
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Resolution The problem to be solved by a pulverizer without remainder or by a 


sthirakuttaka is 


= Goy E Rup 
en ` 


This is understood by the following reasoning: If A is the number of civil 
days elapsed at a given time, A, the number of civil days in a yuga, then we 
have: 
Mı + z 

Gy 


A 
A 


e 


A 
A Mz + 21600 


A — 135 


And therefore 
Mı + Pr on M» + zido 
Gi G3 i 


with the notation adopted above, that is 


A 
Yy Zt 71600. 
G4 Go 


From this equality the problem to be solved by a pulverizer is readily deduced. 


Similarly, if the ratio considered for gı is measured in minutes then 


21600M, +41 M2 + giá 


GY Go ? 
and the problem to be solved by a pulverizer would then be 


T GY — Ry, 
GT : 
where Y = 21600y, is the number of minutes crossed by gi since the beginning 
of the Kaliyuga. 
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The problem and method to solve such a pulverizer is described in general terms 
by Bhaskara in this way!??: 


atha kascid divasakaramandalasesaparisamaptikale janitam 
divicaramuddisya divasakaram divicarabhaganan prcchati, tasyayam 
upayah nirdistadivicaram ravibhaganamécapavartya kuttakaro yojyah| 
Now, when pointing at (the longitude of) a planet produced at the time 
when the sun completes what remains of a revolution, someone asks the 
(number of) revolutions (performed) by (that planet), this is a method 
for that (question) -When one has reduced the (number of) revolutions 
(performed) by a planet (in a yuga) and the (number of) revolutions 
(performed) by the sun (in a yuga), a pulverizer should be applied. 


He then proceeds to solve the problem given in example 16, and concludes by the 
following statement!?^: 


athava graham uddisya graham evanyam [prcchati tatr]api 
bhagaharabhajyaparikalpanaya kuttakarah kalpantyah| 

Or else when (someone) pointing at a planet asks (the number of passed 
revolutions) of another planet only, then again a pulverizer should be 
performed by choosing (an appropriate) divisor and dividend. 


Here therefore Bhaskara does not stress the unit in which the number of elapsed 
revolutions are obtained. 


Mbh.1.10 gives the following procedure!?° 


nisakaram và graham uccam eva và kalikrtam tat saha yatamandalaih| 
yathestanaksatraganair hatam haret tadtyanaksatraganais tatah kalahl| 
10. The (mean) longitude of the moon, the planet, or the ucca (whichever 
is known) together with the revolutions performed should be reduced to 
minutes. The resulting minutes should then be multiplied by the revolu- 
tion-number of the desired planet and (the product obtained should be) 
divided by the revolution-number of that (known) planet. The result is 
(the mean longitude of the desired planet) in terms of minutes. 


In fact Example 16 of BAB.2.32-33 follows a computation in terms of revolutions 
whereas Example 17 follows the above rule given in the Mahabhaskariya. 


123 (Shukla 1976; p.145, line 16 sqq] 
124(Shukla 1976; p.146, line 13 sqq] 
125[Shukla 1960; p.2-3 skt, p. 7 eng.] 
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X.4.7 Time-pulverizer (velakuttakara) 


In this case, the number of days elapsed since the beginning of the Kaliyuga is not 
integral: the longitude of planet g is not given at sunrise — a day is defined from 
one sunrise to another in this treatise — but at another time of the day: midnight, 
noon, or sunset!?6, 


Problem The integral number of days elapsed since the beginning of the Kaliyuga 
(a) and the number of revolutions performed by g in that time (y) are sought, 
knowing A the mean longitude of g at a fractional part of the day (day i. 
2 X m € 4), Gy and Ay. 


Procedure The problem to be solved by a pulverizer without remainder or a 
sthirakuttaka is 
j= Sy xX-— Rm 
Ay : 


where y is the number of revolutions performed by g in z + i days and 
X — mz l1. 


If + is subtractive (& = z — 4+ & X = mz — 1), then the integral value of 


days elapsed since the beginning of the Kaliyuga is x — 1. Therefore the value 
sought is z — 1 = XH — 1. 


If + is additive (€ = x + i & X = mz + 1) then z = X= should be 
computed to obtain a solution. 


The problem exposed in words here can be algebrised, in regard to a regular 
planet-pulverizer in this way: 


Gy(a+ 1)- Ru Su (mz +1) — Ru 
y= y 4 € y= ¥ 
y 


y 


Bhaskara does not in fact describe exactly such a computation, concerning the 
passing first, from the pulverizer considering x to the one considering .X and then 
from the result obtained for X to the one giving x. 


In the part preceding Example 19, Bhaskara writes!?": 


kascit graham udayakalad anyakalajanitam pradasyam divasaganam 
prcchati, tasyayam anayanopayah: istakalacchedagunitan 
nirapavartitabhüdivasan krtva purvavat kuttakaram nispadya 
istakalachedhabhakto *harganah| 


126Other subdivisions of the days can be also considered: this is indicated by Bhaskara in the 
part just before Example 21 which considers a fractional part of a day in nadis (1/60th of a day). 
127 [Shukla 1976; p. 147, line 15-17] 
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When someone pointing at (the mean longitude of) a planet produced 
at a time different from sunrise, asks the number of days (elapsed in the 
Kaliyuga), this is a method of computation for that (question):When 
one has multiplied the reduced (number of) days (in a yuga, for that 
planet) by the denominator of the desired time, and brought about a 
pulverizer, as before, (the pulverizer) is divided by the denominator of 
the desired time is the number of days (elapsed in the Kaliyuga). 


Bhaskara, quite typically since he is summing up a general case, is elliptic concern- 
ing the computation of the integral number of days elapsed since the beginning 
of the Kaliyuga. The first step he describes, that of multiplying by m a “reduced 
number of days” has continued to be not understood. He states this again in 
the “procedure” part of solved examples, but with no numerical illustration. This 
may be referring to the computation X = mz +1, however why then z would bear 
such a name remains unclear. Secondly, repeatedly the passing from the pulverizer 
obtained to the result sought (the integral number of days elapsed since the be- 
ginning of the Kaliyuga) is stated as a simple “division by the denominator of the 
desired time”, no other computation being stated. We note also that the integral 
part of x will give the value of z — 1 if m is subtractive, and the value of x if m 
is additive. Therefore, this may have been the computation carried out here. 


'To sum it up, probably the computation we have algebrised in this case does not 
render the exact steps followed by Bhaskara. 


X.4.8 Finding the Residue of revolutions and a certain number of days, for two 
planets 


This problem combines two pulverizers. Such a procedure may be seen in Example 
23, where the two planets considered are the sun and Mars. 


Problem Two planets gı and gg are considered. A certain amount of days, N is 
sought, knowing that divided by A; (the reduced number of days in a yuga 
for gi) it leaves a remainder rı whose value is unknown, and divided by A», 
it leaves a remainder ro whose value is unknown. 


We can recognize here a problem that can be solved by a “pulverizer with 
remainder" procedure, when rı and rz are known: 


N = Aq cn, 


N = Aaqa + r3. 


The values of rj and r5 are known, and defined as 


Git dL 
Ai i qı Ay’ 
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1 
Gore ; T) 


mu c 


where G4 and G2 respectively are the reduced number of revolutions per- 
formed in a yuga by gi and go. 


Procedure The last problem is equivalent to this one: 


so that values of rı and r2 may be found by means of one of the procedures 
for a "pulverizer without remainder". 


r1 (resp. r2) is interpreted as the number of days elapsed since the beginning 
of the Kaliyuga; q', (resp. q5) as the integral number of revolutions performed 
by gi (resp. g2) during that time, and rj (resp. r5) as the residue of revolu- 
tions, Rm, (resp. Ry). 


Having obtained rı and r2, N is found by applying a second pulverizer. 


X.4.9 Planetary pulverizer with several planets using orbital computations 


This is the last type of problem illustrated by Bhaskara (in Examples 24-26), it 
combines a planetary pulverizer and the computations linking the length of the 
orbit of a planet to its mean longitude for a given number of elapsed days since 
the beginning of the Kaliyuga. 


a Residues in respect to a planet’s orbit Let \ be the mean longitude of a given 
planet g. 
À — (M, R, B, L, S), 


where M is the integer number of revolutions (mandala) performed by the planet 
since the beginning of the Kaliyuga; R the remaining integer number of signs 
(rāśi) crossed, B the remaining integer number of degrees (bhàga) crossed, L the 
remaining integer number of minutes (lipta) crossed, and S, the remaining (sesa) 
fractional part of minutes crossed by that planet. 


In terms of revolutions, 


Age cet 2 + 2 
|. 12 12x30 ` 12x 30x60 ' 12 x 30 x 60 x (K x Aj) 
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The residue of revolutions in respect to the planet’s orbit is 


Rig SB, L 2 S 
12 ' 12x30  12x30x60 12x 30x 60x (K x Aj) 


Rkm = 


'The residue of signs in respect to the planet's orbit is 
B L S 


Rk = T . 
M — 39 * 30x 60 30x 60 x (Kx Àj) 


'The residue of degrees in respect to the planet's orbit is: 


Lo, S 
60  60x(KxA,) 


Rkm = 


b Case with two planets using a Residue of revolutions in respect to the planet’s 
orbits 


Problem The number of days elapsed since the beginning of the Kaliyuga and the 
mean longitudes, at that time, of two planets: A1, A2, are sought knowing: 


-K;, the length in yojanas of the “orbit of the sky” (khakaksya) — the circum- 
ference of a great circle of the celestial sphere), 


-K4, Ke the length in yojanas of the “orbit of the planets", 
-Ay, the number of terrestrial days in a yuga, 
-Rky, , Rkm, the residue of revolutions of each planets at that time, in respect 
to the planet's orbit. 

Orbital computations In the resolution of Example 24, Bhaskara quotes the fol- 
lowing rule: 


kaksyabhir grahanayane khakasyaya ahargano gunakakrah, 
svakasyabhüdinasamvargo bhagahara iti 

In a computation of (the mean longitude of) planets by means 
of the orbits, the number of days (elapsed in the Kaliyuga) is a 
multiplier of the orbit of the sky, the divisor is the product of the 
terrestrial days (in a yuga) with its (the planet's) own orbit 


In other words, for any planet: 


Kau 


Ae WES °c 


So that for our two planets we have 


Ka = A, x Kı x à = Ay x Ko x A9 = N. 
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Procedure Bearing the above equality in mind, for any planet: 


A,\iK; = Ay KiM; + Rkm,- 


In this problem M; is sought and Rkm, is known. 


The above equality may be written as a system of equations: 


N =A,Kiy + Rkm, 


zt Ay Kiy— (Hky, — Rky ) 


= A, Ka 


N = A, Koz + Rkm, 


where y is the integral number of revolutions performed by the first planet 
and z the integral number of revolutions performed by the second planet. 


This problem may be solved by a “pulverizer with remainder” procedure. 
Any one value found for y or z thus gives a value for N. 


As Bhaskara states in the resolution of example 24: 


purva likhitadvicchedagrarasir apavartitakhakaksyaharganasam- 
vargaity atah svabhagaharabhyam vibhajya labdham 
suryacandramasor yatabhaganah 

Since the previously written quantity that has (such) remainders 
for two divisors is the product of the number of days (elapsed in the 
Kaliyuga) and the reduced orbit of sky, therefore, having divided 
(it) by their own divisors, the quotient is the passed revolutions of 
the sun and the moon. 


In other words, since 
N = Ay x Ky x Ay = Ay x Ke X Ag, 


then 
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And, as Bhaskara adds: 


asminn eva dvicchedagre apavartitakhakaksyaya vibhakte labdham 
aharganah 
When that which has (such) remainders is divided by the reduced 
orbit of the sky, the quotient is the number of days (elapsed in the 
Kaliyuga) 


In other words, 


8 
l 
xz 


c Case with two planets and the residue of minutes in respect to the planet's or- 
bits The problem is the same as before, only instead of the residue of revolutions 
in terms of the planet’s orbits the residue of minutes Rkr, and Rkr, are given. 


'Two procedures are given to find the integral number of revolutions, signs, degrees 
and minutes crossed by both planets since the beginning of the Kaliyuga: 


Procedure 1 If y (resp. z) is the integral number of revolutions, signs, degrees and 
minutes crossed, in terms of revolutions by the first planet (resp. the second 
planet), then the problem may be formalized as 

Ay,K; x 21600y — (Rkm, — Rky,) 


21600 — ; 
zx AK; 


It can be solved by any of the two methods used for this type of problem (a 
pulverizer without remainder or a sthirakuttaka). 


Procedure 2 In this case the residue of degrees in terms of the planet's orbit (Rkp) 
is found by solving the problem 


| 60 x xp — Rk, 
YB AK” 


where xg is the residue of degrees in terms of the planet’s orbit, and yg the 
integral number of degrees crossed by that planet. 


Then the residue of signs in terms of the planet’s orbit (Rkg) is found by 
solving the following problem: 


| 30x zg — Rkp 
URT Ay xK ’ 


where rg is the residue of signs in terms of the planet’s orbit, and yr the 
integral number of signs crossed by that planet. 
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From this the residue of revolutions in terms of the planet's orbit (Rkm) is 
found by solving the following problem: 


| 30x zy — Rkn 
UM = AK” 


where xm is the residue of revolutions in terms of the planets’ orbit, and ym 
the integral number of revolutions crossed by that planet. 


d Case with more than two planets This combines the above described proce- 
dures, with the case of the problems where what is sought is an integer N having 
given remainders for n different divisors. 


For a first two couple of planets, gı and go, N1 is found as described above, for 
the couple of divisors and remainders (A, K1, Rky,; Ay Ko, Rkm,), if the residue 
of revolutions in terms of the planet’s orbits is given. Then for a third planet, g3, 
the same procedure is applied to the couple (AZ K) Ko, Ni; A, K5, Rky,). And so 
forth. 


Appendix: Some elements of 
Indian astronomy 


1 Generalities 


The sky is considered as a sphere (gola) whose radius is 3438 minutes (kalas)!?5, 


with the earth at its center. Stars are fixed on the sphere, which is thus called 
bhagola, “sphere of the asterisms/stars”. We will call it here the Celestial sphere. 
Tradition states that the earth does not move, and that the Celestial sphere turns 
daily around the line going from the North pole (P) to the South pole (P^) called 
the Celestial axis. Aryabhata however considered that the earth rotated from West 
to East, and therefore that the movement of the Celestial sphere was only apparent. 
Because of the violent reactions such a statement provoked, later commentators 
changed the verse in order for it to mean exactly the contrary'??. The planets, 
among which the sun and the moon, revolve in the space between the earth and 
the Celestial sphere. The Celestial Equator (visuvat) is defined as the great circle 
(i.e. a circle belonging to the sphere and having the earth for center) perpendicular 
to the Celestial axis. 


Let us imagine an observer (O) on earth. Since the earth and thus the point where 
the observer stands is very small compared to the radius of the Celestial sphere, 
both are collected together. Apart from the Celestial axis and Equator, in the 
following representations, all the other planes and lines will be defined according 
to this observer. 


The imaginary vertical line, which through the observer's feet extends itself to 
two points on the surface of the sphere, defines respectively the zenith (Z, nata), 
which is the point above, and the Nadir (Z'), which is the point below. This is 
illustrated in Figure 56. 


128The reason why a circular measuring unit is used here remains mysterious to me. 
129See for instance [Sharma&Shukla 1976; Intro, p.xxix; p. 8; p. 119-120], [Yano 1980], and 
[Bhattacharya 1991] 
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Figure 56: The Celestial sphere 
NESW is the Horizon for the observer in O; 
ZPZ'P' is the Celestial Meridian; 
ZEZ'W is the prime vertical; 
WQEQ"' is the Celestial Equator. 


The great circle perpendicular to ZOZ’ is called the Horizon. The plane it encloses 
is the plane of the observer. It intersects the Celestial Equator in two points called 
the East (E) and West (W). 


'The great circle which passes through the zenith, nadir and the poles is called the 
Celestial Meridian for this observer. It intersects the Horizon at the North (AN) 
and South (S). 


'The great circle perpendicular to the Celestial Meridian, passing through the 
zenith and Nadir, and the the East (E) and the west (W) is called the prime 
vertical (samamandala). 


2 Coordinates 


The latitude of the observer, O, usually noted ¢, is the angular distance between 
the Equator and the zenith (the arc ZQ as illustrated in Figure 57.) 


The distance of the pole to the Horizon (the arc PN) is called the altitude of the 
pole. Because the angles ZOQ and PON are equal, the altitude of the pole and 
the latitude of the observer are equal. The co-latitude is 90° — ¢ (as the arc QS). 
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Figure 57: Coordinates 
$ is the latitude of the observer in O; 
90 — $ is the co-latitude. 


zZ 


Let us now consider the orbit of the sun. 


The path of the sun in the sky relatively to the stars, and to a fixed earth, when 
noted during a year, at a given time, in a given place, every day, draws an ellipse. 
This ellipse is in fact a mirror of the motion of the earth around the sun. The 
plane defined by this ellipse intersects the Celestial sphere in a great circle called 
the Ecliptic (apamandala). The Ecliptic intersects the Celestial Equator in two 
points y and Q. The angle of the sun with the Equator is constantly changing. In 
y and Q it is zero. The points where it is the greatest is called the obliquity of the 
Ecliptic (paramaraprama, lit. “greatest declination” ). This is illustrated in Figure 
58, page 189. 


Today this angle, which is also that of the Ecliptic with the Equator, is roughly 
considered to be 23?7'. y is the point of the Equator through which the sun is 
considered to move from the southern hemisphere to the northern hemisphere. It 
is called the vernal equinox. 2 is the point on the Equator through which the sun 
is considered to move from the northern hemisphere to the southern hemisphere. 
It is called the autumnal equinox. The two points where the sun is at its greatest 
angular distance from the Celestial Equator are called the summer (Y) and Winter 
(M) solstice. 


The Ecliptic represents the yearly path of the sun on the Celestial sphere. Daily, 
however, the sun is considered to have a motion parallel to that of the Equator, 
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Figure 58: Apparent motion of the sun in a year 
y is the vernal equinox; 
Q is the autumnal equinox; 


because of the rotation of the Celestial sphere around the axis of the poles. In 
fact, if we would represent the daily motions of the sun in a year, it would appear 
as a spiral made of roughly 365 spins parallel to the Equator. It would be a spiral 
because in 24 hours the sun slightly moves along the Ecliptic. During the vernal 
and autumnal equinox the apparent motion of the sun is on the Equator. The days 
are equal to the nights. The day of the winter solstice is the shortest of the year. 
The day of the summer solstice is the longest of the year. Whatever the day, at 
mid-day the sun is on the Celestial Meridian. This is illustrated in Figure 59, page 
190. 


Let’s take any day of the year, and consider the sun at mid-day, as illustrated in 
Figure 60, page 190. 


The straight line SuSw represents the orbit of the sun. At mid-day the sun is in 
Su. The angular distance between the zenith and the sun at Su (the arc ZSu) 
is called the zenith distance of the sun (z). The angular distance between the 
Horizon and the sun at Su is the altitude of the sun (a). 


On an equinoctial day, the sun is on the Celestial Equator, as illustrated in Figure 
61. At mid-day the sun is in Q. The zenith distance of the sun in Q is then the lati- 
tude (aksa) of the observer. And its altitude becomes the co-latitude (avalambaka) 
of the observer. 


'These concepts are used in Bhaskara's commentary, when studying the astronom- 


omy 
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Figure 61: The sun on an equinoctial day 


ical interpretation of the shadow cast by a gnomon, at mid-day (in BAB.2.14). 


3 Movement of planets 


One aspect of the Hindu planetary theory bearing traces of a Hellenistic influence 
concerns the description of the apparent motion of planets. These are rendered 
through an epicycle theory: the problem then being the constant discrepancy be- 
tween the mean motions and the true ones. We will expose very briefly here some 
elements of Bhaskara’s epicyclic theory. For a more detailed analysis see the ex- 
planations given in Chapter IV of [Shukla 1960]. 


A planet G (graha) has a mean circular motion, along a great circle of the Ce- 
lestial sphere, the deferent, called in Bhaskara’s commentary vyasardhamandala 
(“the circle (of that) semi-diameter” ). Aryabhata calls it kaksyamandala (Ab.3.18) 
“orbit’s circle". Let O, the earth, be its center, and R, the radius of the celestial 
sphere, its radius. This is illustrated in Figure 62. 


However, at a specific time of a specific day, the tabulated position of G is con- 
sidered to be on a second smaller circle, the epicycle (pratimandala), which revolves 
in a direction opposite to the revolution described by the deferent. Although the 
point on the epicycle representing G at that time on that day is not yet the true 
position of G, it is considered a first, better approximation of it. 
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Figure 62: Orbit of a planet 


Let U1 be the apogee (ucca) of G. Bhaskara defines in BAB.3.4ab [Sharma& Shukla 
1976; p.179, line22-23], the ucca as follows: 


yatra grahah süksma laksayante (Shukla’s readings)/labhyante (Mss. 
reading) karnasya mahattvat sa akasapradesa uccasamjnitah 


That we can understand as follows: 


A spot in the sky where a planet is perceived to be small because of the 
greatness of the hypotenuse (karna) is called ucca (high). 


The apogee is the apparent remotest point of G along its orbit, and U is its mean 
position along its orbit. UU, serves as reference both for the radius of the epicycle 
at any time, and for the exact place on the epicycle where the tabulated position 
of G on the epicycle should be. 


Let M be the mean position of G on its circular orbit on a given day at a given time. 
The arc UM represents the mean arc distance of G to its apogee at that given time, 
and is called the bhuja. Let Mı be an approximation of the true position of G when 
its mean position is in M. Mj is such that MM, = UU,. This defines the epicycle. 
In his commentary on Ab.2.26-27.ab, Bhaskara does not consider the epicycle itself, 
but the circle having for radius OM;: tatkalotpannakarnaviskambhardhamandala 
(the circle which has for semi-diameter the hypotenuse produced at that time). 


Let A be the point of OM, that intersects with the mean orbit of G. Let B be 
a point of (MO) such that AB is perpendicular to (MO). Let Bı be a point 
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of (MO) such that M,B, is perpendicular to (MO). Both AB and MiB, are 
called the bhujaphala (the correction of the bhuja). OA is the radius of the orbit 
(vyasardha) and OM, is called the hypotenuse (karna). 


Bhaskara states in BAB.2.26-27.ab that 


AB BM, 
OA OM,’ 
and thus that AB is inversely proportionate to OM,. 


'This section and the following give several supplementary remarks on the astro- 
nomical aspects of BAB.2.32-33. 


4 Time cycles 


Traditional Hinduism considers time as cyclical: there are four ages, called yugas, 
at the end of which the universe is destroyed and reborn again. The four yugas, in 
which the conditions of life increasingly deteriorates, are in due order: the krtayuga, 
the tretayuga, the dvaparayuga, and the kaliyuga in which we presently live. 


Ab.1.3-4 gives the numbers of revolutions of the sun, moon, earth etc. in a yuga, 
and the date of the beginning of the current yuga. Ab.3.5 defines solar years 
(samvatsara), lunar months and civil and sidereal days. A solar year is defined by 
the time taken by the sun, apparently, to make a full rotation around the earth. 
The number of solar revolutions, which gives the number of years, in a yuga is 
stated to be 4 320 000. 


Traditional astronomy also distinguishes between civil days (bhüdivasa/dina, lit. 
terrestrial days) and celestial ones (naksatradivasa). A celestial day corresponds 
to one apparent rotation of the celestial sphere from East to West. A civil day 
corresponds to the daily apparent rotation of the sun around the earth: since the 
sun every day slides slightly on the ecliptic there is a discrepancy between celestial 
and civil days. 


The civil days are defined in Ab.3.5: “The conjunctions of the sun and the earth 
are (civil) days" 13°, The computation of the number of conjunctions in a yuga is 
defined in Ab.3.3ab: “The difference between the revolution-numbers of any two 
planets is the number of conjunctions of those planets in a yuga.” !?! The “revo- 
lution-number” (bhagana) of a planet is the number of revolutions of a planet in 
a yuga: these are constant and given in Ab.3-4. The number of terrestrial rev- 
olutions in a yuga is given by Aryabhata in Ab.1.3: 1582237500. So that the 
number of civil days in a yuga (A,'%*) is equal to the number of revolutions 


130[$harma&Shukla 1976; p. 91] 
13lop. cit., p.86. 
132This corresponds to the notations we have adopted in our supplement for BAB.2.32-33. 
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of the sun in a yuga minus the number of revolutions of the earth in a yuga: 
1582237500 — 4320000 = 1577917500. Therefore A, = 1577917500. 


This value is important when evaluating the number of days elapsed in the Kaliyuga, 
when the longitude of a given planet is known. This is one of the astronomi- 
cal problems solved by a pulverizer computation, as described by Bhaskara in 
BAB.2.32-33. 


5 Orbits and non-integral residues of revolutions 


The mean orbit (kaksya) of a planet, as we have seen above, is considered to be 
a circle (kaksyavrtta). It represents the apparent motion of a planet, around the 
earth, on the Celestial sphere. One movement of the planet along its orbit is called 
a revolution (mandala). A revolution is divided into twelve equal signs (rasi). A 
revolution is also divided into three hundred and sixty degrees (bhdga), so that 
there are thirty degrees per sign. A degree is divided into sixty minutes (lipta), a 
minute into sixty seconds (vikala)!??. This is summed up in Table 11. 


Table 11: The different subdivisions of a revolution 


Sanskrit English Respective Amounts 
Rev Signs | Deg | Min | Seconds 
mandala || Revolution 1 
rast Sign 12 1 
bhaga Degree 360 30 1 
lipta Minute 216000 300 60 1 
vikala Second 1296000 | 18000 | 3600 | 60 1 


At the beginning and at the end of a yuga, all planets are in conjunction. It is 
assumed that, along their respective orbits, all the planets cross the same distance 
in a yuga. This is stated in Ab.3.12 (op. cit. p. 100). The distance described by 
any planet in a yuga gives the “circumference of the sky”!%*. In verse 6 of the 
Gitikapada, Aryabhata gives the following rule (given here with the non-literal 
translation by K.S. Shukla and K.V. Sharma op. cit., p.13) to compute the length 
in yojanas of the orbit of any planet: 


Ab.1.6. 

khayugamse grahajavo 

The circumference of the sky divided by the revolutions of a planet in 
a yuga gives (the length of) the orbit on which the planet moves. 


133 These subdivisions, of course, recover those that divide a circle in mathematics. See the 
Section of the Glossary on time units. 
1340p. cit., p. 14 
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From this verse of the Aryabhatiya we also indirectly know that the circumference 
of the sky in yojanas is: 12474720576000 yojanas. The orbit of the moon, according 
to the value given in Ab.1.3, is 


12474720576000 


57753336 216000 yojanas. 


And the orbit of the sun is 


12474720576000 
——_______ = 2 : 

1320000 887666, 8 
In the Mahabhaskariya, the following verse gives a rule to find the mean longitude 
of a planet !?5: 


Mbh.i.20 

ambaroruparidhir vibhajito bhitdinair divasayojanani taih| 

sangunayya divasan atha haret kaksyaya bhaganarasayah svaya|| 
Divide the (yojanas of the) circumference of the sky by the number of 
civil days (in a yuga): the result is the number of yojanas traversed (by 
a planet) per day. By those (yojanas) multiply the ahargana and then 
divide (the product) by the length (in yojanas) of the own orbit of the 
planet. From that are obtained the revolutions, signs, etc. (of the mean 
longitude of the planet). 


The ahargana, is the number of days elapsed in the Kaliyuga at that time. If x is 
the ahargana, since we know that the number of civil days in a yuga is 1577917500, 
then, for example, the mean longitude of the sun (As) is 


B 12474720576000x 
— 1577917500 x 2887666, 8° 


As 


We can recognize here the type of problem solved by a pulverizer without remain- 
der. Such problems are seen in Examples 24-26 of BAB.2.32-33. Note that there 
would be an obvious simplification here, that does not seem to be carried out in 
the resolution of these examples: 


.. 12474720576000x T 4320000 .. 4320000r 576x 
5 ~ "1577917500 12474720576000 1577917500 210389" 


135 (Shukla 1960; Skt, p. 4; Eng, p.15] 
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1 General 


The words are given in the Sanskrit order. Double quotes indicate the technical 
translation chosen, as opposed to the literal translation of a word or expression. 
Are noted as synonyms, those that are given as such by Bhaskara!?6, 


A 
Aksa Latitude. Aksajya The Rsine of the latitude. 
Aksepa Non-additive. Said of two karanis that cannot be summed. 


Agra Remainder. In one instance of far-fetched interpretation (BAB.2.32-33), 
Bhaskara understands this word used in Aryabhata's verse as meaning 
“a number". 


Adhikagrabhagahara or adhikagraccheda Technical term of the kuttakara proce- 
dure. It is “the divisor of the greater remainder" in a pulverizer with remain- 
der (sagrakuttakara) procedure. It is “the divisor which is a large number” 
in the pulverizer without remainder (niragrakuttaka) procedure. 


Anuloma Same direction. Direct. Anulomagati is a direct motion, as opposed to 
vilomagati, a retrograde motion. Anulomacarin has the same meaning. Anu- 
lomavivara is the distance of (two bodies moving in) the same direction. 


Anta Last term of a series. 


Antara Distance, difference. Desantara, lit. difference of spots, is the "longitude". 
Sthanantara is a different place. In common Sanskrit it means particular, 


as in upayantara (a particular method) or different, as in abhadhantara: the 
different sections (of the base). 


Antarala Space between. An interval. 


136Please see in the section “Conventions of translations" in Introducing the Translation, the 
paragraph on synonyms, for a short discussion of this topic. 
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Figure 63: A bow-field 
back (prsta) 


arrow (Sara) 
chord 
ya) 


Antya Last. 

Apacaya Decrease; Subtractive (quantity), subtrahend. 
Apanayed One should subtract. 

Apavartita, apavartya Reduced (by a common factor). 


Aparvartana Division. Reducer (as one who does the action described as apavar- 
tita). Given as a synonym of bhaga (division, part) in BAB.2.4. 


apa-VRT To reduce (by a common factor), to divide. 
Abhyasta Multiplied. 


Abhyasa Product. The product of two or more quantities, as opposed to the mul- 
tiplication of a quantity by another. 


Améa Part. numerator of a fraction. A fraction. When a fractional number is 
stated, the denominator is marked with ama. Also used as a substitute for 
bhaga with the meaning of “degree”. 


Ardha Half. Increase in commercial problems. 
Ardhita Halved. 


Avagahya, avagaha Penetration. Lit. “having plunged”. Segment of the diameter 
of a circle. Also used for the arrow (Sara), of a bow-field (illustrated in Figure 
63) 


Avayava Part. 
Avarga see varga. 


Avalambaka Perpendicular. Plumb-line. Rsine of the co-latitude. The Rsine of 
the co-latitude is proportional, on an equinoctial day, to the perpendicular 
formed by the body of a gnomon. 


Avasana Distance. Literally it means a boundary. Only used in BAB.2.16 to refer 
to the distance between a gnomon and a source of light. 
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A$esaganita Mathematics as a whole, i.e. mathematics seen as a global subject. 
See ganita. 


Asra or Asri Side, edge. Used in the names of planes and solids. 


A caturagraksetra A quadrilateral field, and a dvadasaásri “a twelve edged 
(solid)”, which is one of the names, here, for a cube. However in BAB.2.14. 
a caturasra is used to qualify a solid — this may be another name for a cube, 
or that of a prism. 


A tryasraksetra A “trilateral field” and a sadagri is “a six-edged solid" , which 
is the name, here, of an equilateral pyramid with a triangular base. However 
in BAB.2.14, a tryagra is used to qualify a solid, maybe a pyramid with a 
triangular base. 


Asata Incorrect (value). Companion term of sata (correct (value)). 


Ahargana Lit. group of days, is the number of days elapsed since a given epoch, 
usually the Kaliyuga. 


A 

Acarya Master, teacher, learned one. It is often attached, as an honorific suffix, 
to the name of a person. 

Adi The first term of a series. 


Anayana To compute, computation. Mostly used in the introductory sentence, 
preceding the quotation of a verse of the Aryabhatiya about to be commented, 
which gives the aim of the procedure which will be treated. 


Abhadha Technical term naming a segment of the base delimited by a perpendic- 
ular. 


Ayata Elongated. length. Ayatacaturasraksetra, lit. elongated quadrilateral field 
is always a rectangular field. 


Ayama Length. In a trapezium, it is one of the names of the height; length in a 
rectangle as opposed to vistara which then means width. 


Arya This is the meter in which the three last quarters of the Aryabhatiya, in- 
cluding the ganitapada, are written. 


Alekhya Lit. written, painted. A “drawing”. 


Asanna Approximate, approximation. Lit. close to. Companion term of suksma, 
accurate. 


However, süksmasya àsanna is the approximation of an accurate (value). 
Vyavaharikasya asanna is the approximation of a practical value. The first 
being of better quality than the latter. 
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Figure 64: A tusk-field 


udara 


vistar prstha 


Ahniko bhogah Daily passing. This is the name of the sum of the daily motions 
of two planets. 


I 


Iccha Desire. 


Iccharasi The “desire quantity" in a Rule of Three. [cchaphala is the “fruit 
of the desire” in a Rule of Three. 


Ista Desired. Sometimes close to the meaning of optional. In computation with 
series, ista is the desired number of terms. 


Ucchraya Height. Used when relating the geometrical cube to the square it is 
derived from, and when defining a triangular based pyramid. 


Utkramajya The Rversed sine, i.e Rsin. See the Annex to BAB.2.12. 

Uttara The common difference in arithmetical series. Increase. 

Udara Belly. Used to characterize one of the sides of a tusk-field, see Figure 64. 
Uddesaka Example. 

Udde$ana Example. 

Udvartana Multiplication. Given as a synonym of samvarga in BAB.2.3ab. 
Upacaya Increase. Additive (quantity). 

U 


paciti Lit. accumulation. Is the name of the series of (the progressive sum of) 
natural numbers. 


ct 


papatti Proof. Opposed to tradition (agama) in BAB.2.10. 


ci 


parirasi See rāśi. 


a 


palaksita Characterized. 
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Figure 65: Right-angled triangle in a srrigata field. 


urdhva-bhuja 


Upaya Method. 


U 
Una Decreased. Subtractive (quantity). 


Unagraccheda or tnagrabhagahara Is “the divisor for the smaller remainder" 
in a pulverizer with remainder and “the divisor which is a small number" in 
a pulverizer without remainder procedure. 


Urdhvabhuja Upward side. Used for the perpendicular issued from one vertex on 
to the triangular base in a srrigataka field, as illustrated in Figure 65. 

R 

Rksa Sign. 1/12th of the circumference of a circle. 

Rju Vertical. 
Rjuta Verticality. Rjusthitiis a steady vertical. 


Rna Debt. When opposed to dhana (wealth) it is a “subtractive (quantity)". 


E 


Ekatra krtva Summed. lit. having made in one place; this may refer to the fact 
that the two summed quantities were erased from the working surface, and 
replaced by one quantity, their sum, that occupied thereafter only “one place" 
on the working surface. 
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Figure 66: Right-angled triangle 


kama 
koti 


bhuja 


Eki bhava, eki krtya Sum. Lit. the state of becoming one, having made into one; 
this may refer to the fact that the two summed quantities were erased from 
the working surface, and replaced by one quantity, their sum. See ekatrakrtva. 


Ka 
Kaksya Orbit of a planet. 


Karana Procedure. Name given to the part of an example which exposes its res- 
olution. 


Pratilomakarana Is a reversed procedure. 


Karanika Which belongs to karanis, which measures the karan:? (of a given quan- 
tity). 


Karanika Is derived from the word karani, to which the suffix -ka is added, 
followed by a diminution of the long 1. 


Karani Usually considered as a “surd”, the expression “the karanis of a” may be 
translated as meaning: “that whose square is a”, or \/a. However, it seems to 
be a geometrical concept. It may be a specific way of considering the square 
of the measure of a geometrical object (see the section 1 of part I). It is given 
as a synonym of varga in BAB.2.3ab. 


karaniparikarman The geometrical operation of constructing the square hav- 
ing the hypotenuse for side: its area is equal to the sum of the two other sides 
of a right-angle triangle, as well as the numerical squaring of the length of 
the hypotenuse as the sum of the squares of the two other sides. 


Karidantaksetra A (two dimensional) tusk-field. see Figure 64, page 200. 
Karkata, karkataka Lit. a crab; it is the name of “ a pair of compasses”. 


Karna hypotenuse. Diagonal. In customary Sanskrit it is an “ear”. 
Karna is used in the traditional enumeration of the sides of a right-angle 
triangle: karnabhujakoti. See Figure 66. 
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We will use the literal translation when it is used to describe the side of a 
field or a solid, where no right-angle triangle is immediately involved. But 
usually it names a segment of a geometrical figure, in which Ab.2.17 (i.e. 
the “Pythagoras Theorem”) may be applied; when this is the case, it be- 
comes then the hypotenuse of a right-angle triangle, and we have translated 
it accordingly. See for instance Figure 65, page 201. 


In any triangle, the sides for a given base are also called karna, which means 
“ears”. These may also be named by synonyms of this term as sravana and 
so forth. 


Karman Computation, operation. 


Ganitakarman A mathematical operation. viparita-, pratiloma- and vilomakar- 
man mean a reversed operation. 


Karika Verse. 
Kala Time. Kalakriya,“ time reckoning” is the third chapter of the Aryabhatiya. 
yogakala The meeting time (of two moving bodies). 


Kastha Unit arc. This is a terminology particular to Bhaskara. It glosses Arya- 
bhata’s use of capa in Ab.2.11 but can be found in the Mahabhaskariya as 
well!?7, 


Kuttakara or Kuttaka Pulverizer. Name of the procedure described in verses 32- 
33 of the Chapter on mathematics of the Aryabhatiya. 


Sagrakuttakara A pulverizer with remainder. Niragrakuttaka is a pulverizer 
without remainder. 


Velakuttakara 'The time pulverizer. 
Krti Square. Given as a synonym of varga in BAB.2.3ab. 
Kendra Center. 
Koti or koti The upright-side; see Figure 66. 


It is usually one of the sides of a right-angle triangle, the other one is called 
bhuja, and the hypotenuse karna. See Figure 66. This word is also used to 
name the vertical edge of a gnomon. 


Krama Method. 
Kriyya Method. 


Ksaya Decrease. 


137See Shukla’s remark in [Shukla 1976; Intro, p.xlii] 
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Ksetra Field, and by extension a geometrical figure. It sometimes refers to the 
surface delimited by a number of sides or a line. It sometimes refers only 
to the set of lines and inner segments that draw the field, and not to the 
delimited surface. 


Ksetraganita The mathematics of fields or computations with fields. 


Ksepa Additive (quantity). 


Ga 


Gaccha The number of terms in a series. In one instance, BAB.2.20, it is also 
interpreted as a term of the series. This would be rather Aryabhata’s un- 
derstanding of the word, rather than Bhaskara’s. In BAB.2.29 it is a term of 
a set: pada and paryavasana are given as synonyms of this word. 


Ganaka Mathematician? A literal translation would be computer (in the sense of 
someone who computes), we have translated it by “calculator”. 


Ganita Mathematics. computation. By extension ganita sometimes names the re- 
sult of any computation, and therefore means sometimes: area, sum, quantity. 


” 


ASesaganita Lit. mathematics without remainder, is “mathematics as a whole 
which englobes both samanyaganita, general mathematics, and its counter- 
part, vigesaganita, “specific mathematics". 


Ganitakarman A mathematical operation. 
Sreddhiganita 'The sum of a series. 
Laukikaganita Is wordly computations. 


Gata Lit. gone, “exponention”; i.e. the raising to any power of a quantity. The 
word with this technical meaning is only used in BAB.2 introduction. 


A dvigata, a double-gata, is a square (varga); a trigata is a cube (ghana). By 
the same token, gatasya mila or gatamila, lit. the root of a gata, is a root 
extraction from any power. 


Gatha Synonym of arya as a name of a verse-meter. 
Guna Multiplier. Occasionally translated as "times". 
Gunakara Multiplier. 


Gunana Multiplication (of two different quantities, counterpart of the term gata); 
however it is given as a synonym of samvarga in BAB.2.3ab. 


Gunita Multiplied. This word is given as a synonym of hata in BAB.2.7.ab. 
Gunya Multiplicand. 


Gulika Bead. Name of the coefficient of the unknown quantity in first order equa- 
tions. 
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Guha Sign. 1/12th of the circumference of a circle. 

Gola, golaka Sphere. 
Golapada The name of the fourth chapter of the Aryabhatiya. 
Ghanagola A circular solid. 

Graha Planet. 


Grahacara The “motion of planets". Grahaganita is the “mathematics of 
planets/planetary computations". 


Grasa Lit. mouthful. Segment of the diameter of two intersecting circles. Name of 
the part of the sun eclipsed by the moon, or of the part of the moon eclipsed 
by the shadow of the earth (i.e. the part of the moon eaten by Rahu). 


Gha 


Ghana Cube. Solid. A cube (place), i.e. in the decimal place-value notation it is a 
place whose power of ten is a cube. Conversely, a non-cube (place) is a place 
whose power of ten is not a cube. 


Ghanaphala The volume. Ghanamila is the cube-root. 
Ghanagola A circular solid. 


Citighana A solid (made of) a pile. This is the name used by Aryabata for 
the series of the progressive sums of natural numbers (i.e. the sum of 1, 1+ 
a ep ee Oe ae ge + +i...) 


Ghata Multiplication. Given as a synonym of samvarga in BAB.2.3ab. 
Ghna Multiplier. 


Ca 
Cakra A revolution. In customary Sanskrit it is a circle. 


Caturagraksetra Quadrilateral field. Sometimes the term field (ksetra) is omitted 
in which case we translate the compound as ‘quadrilateral’. Means literally: 
“a field with four sides". 


Capa Unit arc. 


Citi Pile. Used in the geometrical description of series. 


Cha 


Chaya Shadow. Rsine of the zenith distance. It is the name of a specific field of 
mathematics, related to computations using the data given by a gnomon. It 
is the length of the midday shadow cast by a gnomon. It is proportionate to 
the Rsine of zenith distance which thus sometimes bears the same name. 
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Figure 67: The diagram in BAB.2.11 


Chindyat One should divide. 


Cheda Part. Denominator of a fraction. divisor. In BAB.2.12 once used as meaning 
“partial (half-chord)". 


Adhikagraccheda The divisor of the greater remainder. 
Unagraccheda The divisor of the smaller remainder. 


Chedyaka A diagram. In this commentary the word is only used in reference to a 
specific diagram, whose construction is described in BAB.2.11., with which 
the measure of half-chords (ardhajya) or Rsinuses (R times the sinus) is 
derived. See Figure 67. 


Ja 
Jiva A chord. 
Jya Chord. 


Ardhajya A half-chord. Half the chord subtending the arc 2a (£909) is 
called the half-chord of a. This is what we call Rsina, see Figure 68 and the 
Annex to BAB.2.11. 


By extension jyà is sometimes the half-chord. 


Jyotpatti A production of (half)-chords. 


Jyavibhaga A partition of chords. In BAB.2.11, this refers to the subdivision 
of the perimeter of the circle into equal arcs and to the interior fields drawn 
inside the circle, as illustrated in Figure 67. In BAB.2.12, this refers, along 
with other expressions as “khanditam ...ardham" (the expression used by 
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Figure 68: Chord and half-chord 


4-——— —  ardha-jya 
half chord of the arc œ 
or Rsin & 


jya^Á — 
chord subtending|th¢ arc 2 o 


Sara 
arrow of arc & 
or R-Rcos œQ 


Aryabhata in Ab.2.12) and “chinnam ...ardham” (the expression used by 
Bhaskara), both meaning “sectioned half(-chord)”, to the difference of two 
successive half-chords. The difference of two half-chords appears as a segment 
of the biggest half-chord. See Figure 69. 


Aksajyà The Rsine of the latitude. Natajyà is the Rsine of the zenith distance. 


Ta 

Tatparas Seconds. 

Tithi Lunar day. 

Tulya Equal. 

Trairasika Rule of Three. 


Da 

Dalita Halved. 

Dairghya Length. Given as a synonym of ayama in BAB.2.8. 
Dik (Cardinal) direction. Also used in a figurative sense. 
Dina Day. 


Dinarasi, lit. the amount of days, is the number of days elapsed in the 
Kaliyuga. Dinagana, lit. the group of days, has the same meaning. 


Divicara Planet. lit. roaming the sky. 
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Figure 69: The difference of two half-chords 


The difference 

of two 

half-chords 

half-chord 
half -chord of arc 
of arc Ap Aij 
AAi 
O 


Dravya Object. Sum. 


Dvicchedāgra (A quantity that has such) remainders for two divisors. Technical 
term denoting the number to be found in a “pulverizer with remainder” 
process. 


Dha 


Dhatrī Lit. earth, the “base” of a triangle, or the “earth” in a trapezium (the 
“earth” here is the base of the trapezium, but we have kept the literal trans- 
lation here in order to distinguish it from its segments which can be the 
“base” of a triangle). 


Dhana Lit. wealth. value, especially the value of the term of a series, i.e. the sum 
of the terms of a finit sequence. Amount. With the meaning of wealth as 
opposed to the word rna (debt) it is an additive quantity. 


Madhyadhana The mean value, i.e. the mean sum of the terms of the sequence. 
Sarvadhana is the whole value, i.e. the sum of all the terms of a sequence. 
Padadhana is the value of the terms, which ambiguously may refer to the 
terms of the sequence or to its corresponding series. 


Dhanuhksetra Bow-field. It is made of an arc of a circle (called “the back” prstha), 
the chord that subtends it (jyà) and an arrow (Sara). It is illustrated in Figure 
63, page 198. 
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Na 

Nata Zenith distance. 

Natajyà The Rsine of the zenith distance. 

Nadi Time unit equal to half a muhürta, or 24 minutes. 


Nirapavartita Reduced. See apavartita. 


Niravasesa Without remainder; without exception. 


Niravasesaganita Is “mathematics as a whole" , which englobes both samanya- 
ganita ( general mathematics), and its counterpart, visesaganita, (special (ised) 
/ specific mathematics). 


Niyamana Computing. 


Nyaya Rule. Method. Logic? 


Pa 


Pada Term of a sequence, a series or of a set. Given as a synonym of gaccha in 
BAB.2.29. In Aryabhata’s understanding it would be the number of terms of 
a sequence. For Bhaskara however, its meaning is restricted to the meanings 
given as entries. Name given to the successive remainders that are placed, in 
the mutual division of the pulverizer (kuttakara) procedure. 


Padapramana 'The number of terms in a series. 
Panavaksetra A drum-field. See illustrations in BAB.2.9.ab. 
Parikarman Operation. 
Parikalpaniya Calculation. 
Parinaha Circumference. Given in BAB.2.9.cd as a synonym of paridhi. 


Paridhi Circumference, given in BAB.2.7ab and BAB.2.10 as a synonym of 
parinaha. 


Parilekha The out-line (of a circle), i.e. the line that draws the circumference. 
Parihara Refutation. 
Paryavasanam Term of a set. Given as a synonym of gaccha in BAB.2.29. 


Pàréva Lit. a flank, it has the technical meaning of “side”. In Aryabhata’s un- 
derstanding it may be any side. In Bhaskara’s understanding it may be re- 
stricted to orthogonal sides. It is however given by Bhaskara as a synonym 
of bhuja in BAB.2.6.ab. 


Parsvata “Sideness”, maybe an expression meaning orthogonality. 


Pindita Added. This term is used by Aryabhata rather than by Bhaskara. 
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Prstha Back. Name of one of the sides of a tusk-field, see Figure 64, page 200 and 
of the arc of a bow-field, see Figure 63, page 198. This may be a general term 
for anything curved. 


Prakriya Calculation. In grammatical Sanskrit it means a derivation, i.e. what is 
done step by step. 


Praksepa Sum. In commercial problems as the original sum invested by each mem- 


66 


ber in a commercial transaction, so that it is sometimes translated as “in- 
vestment” . 


Pratiloma Reversed. 


Pratilomakarana is a reversed procedure. pratilomakarman is a reversed op- 
eration. 


Pratyayakarana Lit. a conviction-procedure, a "verification". 
Pramana Size, amount. 


Pramanarasi The “measure-quantity” in a Rule of Three. 


Pha 
Phala Fruit; result. Thus the “interest” in commercial problems. 


Ksetraphala The area. Ghanaphala is the volume. By extension, in a geomet- 
rical context, phala alone has sometimes been translated by area or volume. 
In a specific part of BAB.2.3cd phala is used as meaning ‘surface’, although 
this understanding can generally be attributed to the word ksetra (field). 


Phalarasi The “ fruit quantity" in a Rule of Three. 


Mülaphala The interest on the capital. 


Ba 


Bahu Its usual meaning is arm or forearm, as a synonym of bhuja (given as such 
in BAB.2.6.ab), it is translated as “side”. 


Bija Seed. 


Brahma A pair of compasses. Terminology used by Aryabhata. 


Bha 
Bhakta Divided. 
Bhagana Revolution. 


Bhavana Zodiacal sign. 
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Bhaga Part; division. Degree, the 60th part of a circle or revolution in an astro- 


nomical context. 


This word is derived from the verbal root Bhaj-, to share, distribute, which 
has the technical meaning “to divide”. Bhagahrtva, lit. when one has removed 
a part, means “when one has divided”. Bhagalabdha is what is obtained from 
the division or “the quotient of the division”. 


When expressing in words the fraction 7, bhaga may be affixed to the de- 


nominator (b), thus meaning a out of b parts. It may also be affixed to the 
numerator (a), thus meaning a parts of b. 


Suddham bhagam, Lit. a pure division is “an exact division" that is it has no 
remainder. 


Bhagasesa “The residue of degrees" , i.e the non-integer part of the number 
of degrees crossed by a planet since the beginning of the Kaliyuga. 


Bhagahara Divisor. lit. removing a part. 


Adhikagrabhagahara The divisor of the greater remainder. A technical term 
of the kuttakara operation/procedure. 


Bhajana Division. Given as a synonym of bhaga in BAB.2.4. 


Bhasya Commentary. Aryabhatiyabhdsya is the name of Bhaskara’s commentary 


on Aryabhata's work. 


Bhinna Fraction, an integer increased or decreased by a fractional part, part. 


Bhukti Daily motion. 


Bhuja Side. In customary Sanskrit it is the corporeal arm. Bhujà can be any side 


Bhu 


of a field. 


When considered in a bahuvrihi compound, modified by ksetra, it loses its 
d: tribhujaksetra is a trilateral field. Sometimes the word field (ksetra) is 
omitted, the compound is then translated as “trilateral”. Caturbhujaksetra 
is a quadrilateral field. 


Sometimes the meaning of bhuj@ is restricted to that of the base of a trilateral. 
Bhuja is one of the sides of the right-angle in a right-angle triangle, the other 
side is called kot? and the hypotenuse karna. See Figure 66, page 202. 


Bhuja In astronomy is the name for the mean arc distance of a planet at a 
given time, to its apogee. Bhujaphala “the correction of the bhuja" is a seg- 
ment, which approximates the true position of a planet to its mean position 
at the same time. Please refer to the astronomical Appendix. 


Lit. earth; the “base” of a triangle or the “earth” of a trapezium. 


In the case of the trapezium, to distinguish it from its segments which may 
be the base of interior triangles, we have translated it as “earth”. It is the 
companion term, in a trapezium, of mukha or vadana. See Figure 70 


212 Glossary 


Figure 70: An isoceles trapezium 


face (mukha, vadana, etc) 


lines on their 
own falling 


flanks, ears (svapatalekha) 


(parsva, karna) 


diagonals, 
internal ear 
(karna, antahkarna) 


earth 
b (bhu, bhumi, etc.) 
ase 


a < 
(bhuja) erpendicular, height 
avalambaka, ayama) 


Bhumi Lit. earth; the “base” of a triangle or the “earth” of a trapezium. 

Bheda A part. Sometimes used figuratively, but also as the (fractional) part of a 
number. 

Ma 


Mandala A circle. A revolution. 


Mandalasesa “The residue of revolutions”, that is the non integer part of 
the number of revolutions performed by a planet since the begining of the 
Kaliyuga. This is illustrated in Figure 71. 


Madhya Middle. Zenith. Mean. 


Madhyadhanam The mean value, i.e. the mean value of the sum of the terms 
of an arithmetical series. 


Mahi Lit. earth, the “base” of a trilateral. 
Misrata Lit. mixture, “increased”. 


Mukha The face or mouth. Name of the side opposite to the earth in a trapezium. 
See Figure 70. 


It is also the name of the opening of a pair of compasses. 
The first term of a series. 


Muhuürta Period of time equal to 48 minutes. 
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Figure 71: Residue of revolutions and residue of signs 


Residue of revolutions: 
the non interger part of a revolution 
performed by G 


Residue of signs Y 


G 


Mula Root (in the common and mathematical sense). The “capital” in commercial 
problems. 


Vargamula A square root. Ghanamula is a cube root. Gatamüla is the root 
of an exponention, the fact of extracting a root. The latter compound is only 
used in BAB.2 introduction. 


In BAB.2.14 The word mila is used to qualify the lower base of a gnomon. 
milaphala The interest on the capital. 


Maurika Minute (as a unit used in longitudes). 


Ya 
Yama Unit of time equal to 1/8th of a day or 3 hours. 
Yavakarana Square. Given as a synonym of varga in BAB.2.3ab. 


Yavattavat Lit. “as much as". Name of the the coefficient of the unknown quantity 
in first order equations. Used only by Bhaskara. 


Yavattavatpramana The “value of the yavattavat, that which is unknown. 


Yukta Increased. summed. 
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Yuktya Adverb meaning “cleverly”. The word yukti, with the meaning "reasoning", 
has an important posterity in Sanskrit mathematical texts. 


Yuga A period of 4320000 years. There are traditionally four yugas, the last one 
being the Kaliyuga (which corresponds to our time) after which the earth is 
destroyed, and the cycle starts again. 


Yuta Increased. Summed. 
Yoga Sum. Meeting point (of two moving bodies). 


yogakala The meeting time (of two moving bodies). 


Ra 


Rasi A quantity. Traditionally, the 12th part of the ecliptic. It is the 12th part of 
a circle or 30 degrees. 


Rasiganita Is lit. the mathematics of quantities or computations with quan- 
tities; we have translated it as “arithmetic” or “arithmetical computations". 


Rasirüpa The integer (part) of the quantity. This expression is solely used in 
BAB.2.26-27.ab. 


Uparirasi The “higher quantity", i.e. the integer in a fraction increased or 
a 

decreased by a part; the disposion b corresponding to a 4- 5. 
c 


Bhaskara uses in BAB.2.9.cd the expression rasidvayaksetra, a two-rasi field, 
which would be the name of an arc measuring 60 degrees. 


Raéisesa is “the residue of signs” that is the non-integer part of the number 
of signs crossed by a planet since the beginning of the Kaliyuga (measured 
in degrees and minutes). This is illustrated in Figure 71. 


Rupa A unit. A digit (i.e numbers from 1 to 9). A whole number. 
rásirüpa The integer (part) of a fractionary quantity. 


Rekha A line. Used in the drawing of a diagram. 


La 


Laksanasütra A rule which is a characterization. A way of expressing an abstract 
or general rule. 


Labdha What is obtained, the result, the quotient when connected with division 
(bhaga). 


Lava Degree. 1/30th of the circumference of a circle. 


1. General 215 


Lipta or Liptika Minutes, the 60th part of a degree. 


Liptasesa The “residue of minutes”, that is the non-integer part of the number 
of minutes crossed by a certain planet since the beginning of the Kaliyuga. 


Lekha A line. Used in the drawing of a diagram. 
Parilekha The out-line of a circle, i.e. the line that draws its circumference. 


Laukikaganita Wordly computation. 


Va 


Vadana Face, the side opposite to the earth in a trapezium. See Figure 70, page 
212. 


Varga Square. The geometrical square as well as the square of a number, according 
to Aryabhata. Practicaly, Bhaskara uses it for the square of a quantity. The 
square-place, i.e. a place in the decimal place-value notation whose power of 
ten is pair. 


Vargakarman, Square-operation, may be the squaring of the length of a diag- 
onal in a quadrilateral or the hypothenuse of a right-angle triangle (karna). 
See the discussion in the Annex of BAB.2.3.ab. 


Vargaganita Square computation. The squaring of a digit in the procedure of 
extraction of a square-root. 


Vargamüla A square root. 


Avarga A non-square place. In the decimal place-value notation, it is a place 
whose power of ten is odd. 


Vargana Square. Given as a synonym of varga in BAB.2.3ab. 


Vasudha Earth, in a trapezium, that is the side opposite to the face. See Figure 
70, page 212. 


Vastu Subject, substance, object. Used to indicate the subjects of the treatise. 
Vikala A second, a unit used in giving longitudes. 

Viganaya, viganayya Having computed. 

Vi Decreased. Lit. “is removed”. 

Vidhi Operation. Method. 

Vidhana Method. 

Vinadika Time unit equal to 1/60th of a nadi. 


Viparitakarma The reversed operation. 
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Vibhaga Partition. 


Jyavibhaga “A partition of chords”, see jya. 


Vibhajed One should divide. 


Virahita Decreased. 


Viloma Reversed. Opposite directions. Retrograde. 


Vilomakarman A reversed operation. Vilomagati is a retrograde motion. Vilo- 
mavivara is the distance of (two bodies moving in) opposite directions. 


Vivara Distance. See viloma. 


Visesa Difference. 


Visodhayed One should subtract. 


Visama Uneven. Odd. This word is also used with a different meaning in BAB.1.1, 


where it is the name given to equations with several unknowns. 


Visamacaturbhuja “An uneven quadrilateral”, i.e. in Bhaskara's commentary 
a non-isoceles trapezium. However Bhaskara notes in BAB.2.8 that in other 
treatises this could refer to any quadrilateral. 


Viskambha Diameter. 


Viskambhardha The semi-diameter or radius. 


Vistara Width. Bhaskara in BAB.2.8. interprets the word as meaning literally a 


kind of spreading. 


Vistara Width. Given as a synonym of ayama (length) in BAB.2.8, however in 


rectangles it is opposed to this very term. 


Vrtta A circle, circular. 


Vrttaksetra A circular field. Given in BAB.2.9.cd as a synonym of paridhi, it 
then would mean circumference, although it is not used with this meaning 
in the commentary on the ganitapada. Samavrttaparidhi is interpreted by 
Prabhakara as a bahuvrihi, meaning literally: an evenly-circular circumfer- 
enced (field); Bhaskara explains that this interpretation understands the 
compound as refering to a disk. The same compound is analysed as a kar- 
madharaya by Bhaskara meaning literally: a circumference which is evenly 
circular. 


In Aryabhata's verses, in the chapter on the sphere (golapada), vrtta is used 
to characterise the sphericity of three dimensional objects. In BAB.2.7cd gola 
is paraphrased by vrtta in the compound ghanagolaphala. In this compound 
ghanagola is a sub-kamadharaya therefore gola and with it vrtta means rather 
“a circular solid”, rather than “a sphere/circle which is a solid". 


Svavrtta is one's own circle. It is the circle having for center the tip of the 
shadow of a gnomon, whose radius extends to the tip of the gnomon. 
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Vrddhi Increase. Common difference in an arithmetically series. Interest in com- 
mercial problems. This is a word only used by Bhaskara. 


Vela Time. 
Velakuttakara The time-pulverizer. 


Vyavahara Name of a set of eight subjects that form mathematics understood as 
a global subject (only part of which is presented in the Aryabhatiya. 


Lokavyavahara “Wordly practice”, the particular case where a rule is applied, 
or the common use of a rule. 


Vyavaharaganita Practical computation. Companion term of suksmaganita, an 
accurate computation. 


Vyakhyana Explanation. commentary. Used by Bhaskara to characterize his own 
work in the introductory verse of the chapter on mathematics. 


Vyasa Diameter (literally the seperating (line)), vyasardha is the semi-diameter. 
This word is given as a synonym of viskambha in BAB.2.7.ab. 


Sa 
Sara Arrow. One of the segments of a bow-field, illustrated in Figure 63, page 198. 


Sanku Gnomon, by extension (the height of) a gnomon; the Rsine of the altitude. 
For the relation between the size of the gnomon and the Rsine of altitude see 
the Annex on BAB.2.14. 


Sastra Science, treatise. 
Sesa Remainder (of a subtraction). Residue. 


Mandalasesa is “the residue of revolutions”, that is the non-integer part of 
the number of revolutions performed by a planet since the beginning of the 
Kaliyuga (measured in signs, degrees and minutes). 


Raésisesa is “the residue of signs” that is the non-integer part of the number 
of signs crossed by a planet since the beginning of the Kaliyuga (measured 
in degrees and minutes). 


Bhagasesa is “the residue of degrees" that is the non-integer part of the 
number of degrees crossed by a planet since the beginning of the Kaliyuga 
(measured in minutes). 


Srügataka Probably an equilateral, triangular based pyramid, with the perpen- 
dicular issued from one of its tops onto the triangular base. It is illustrated 
in Figure 65, page 201. 


Sravana Ear, side of a geometrical field. 
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Sredhi Series. 


Sa 
Sankalana Summation. 


Sankalanasankalana The “summation of a summation”, this is the name 
given by Bhaskara to the sum of the series of progressive sums of natural 
numbers (i.e. the sum of the series 1,1+2,1+2+3,---,1+2+---+%,---). 


Sankhya Number, amount, value. Calculation. 


Sankhyasthanah “The places of numbers”, the places in which digits are writ- 
ten in the decimal place-value notation. 


Sata Correct (value). Companion term of asata (incorrect (value)). 
Sadrsa Same kind. Equal. 


Used with the first meaning for the result of the transformation of an integer 
increased or decreased by a fractional part into a fraction with only a nu- 
merator and a denominator. Also used to characterise the type of quantity 
which enters the multiplication when squaring and cubing. 


Sama Same. Equal. Even. Pair. This word does not seem to have exactly the same 
meaning for Aryabhata and for Bhaskara. For the first, it would have had 
the meaning “even”, in the sense of “uniform”; the meanings understood by 
the commentator are those given as entries. 


Dvisamatryasraksetra, Lit. a three sided field with two equal sides, we have 
translated it as an “isoceles trilateral” . 


Samacaturasraksetra, An equi-quadrilateral field, samacaturasrata, lit. the 
quality of being an equi-quadrilateral; we have translated this expression 
by “equi-quadrilateralness”, samacaturasratva, the state of being an equi- 
quadrilateral. 


Dvisamacaturbhuja, Lit. a field with four sides, two (of which) are equal, is 
^an isoceles quadrilateral" i.e. an isoceles trapezium. 


Samakarana Lit. making equal. An equation. 


Samadalakoti Perpendicular. According to Bhaskara, other scholars interpret this 
word as a karmadharaya meaning a mediator. 


Samaparinaha An even circumference. 


This compound is analysed by Bhasakara as a karmadharaya, meaning liter- 
ally: that field which is and evenly circular and a circumference (an evenly 
circular circumference). According to our commentator other scholars inter- 
preted it as a bahuvrihi meaning lit.: that field which has an even circumfer- 
ence (i.e. a disk). 
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Samavrttaparidhi See Vrita. 

Samasta Sum. Lit, mingled. 

Samasa Sum. Lit, joining. 

Samkramana Name of the rule given in Ab.2.24. 

Samparka Sum. Vocabulary used by Aryabhata in Ab.2.23 rather than by Bhaskara. 
Sampata (Line whose top is) the intersection. It is a substitute word for svapatalekha. 


Pata Means “falling”, sampata, “falling together"; this is a substantiated 
adjective. 


In astronomy, this word means “meeting”: it is the moment where a planet 
eclipses another, or the moment of the greatest span of the eclipse. 


Samyoga, samyojamana Addition. 
Samvarga Product. 
Sahita Increased. 


Süksma Accurate. Exact. Companion term of vyavahàra (practical) and of dsanna 
(approximate). Sharp (as the tip of a gnomon), precise. 


Süksmaganita An accurate computation. 


Sutra Thread or string. It is used in the construction of geometrical figures (as tri- 
laterals and quadrilaterals) and of three dimensional objects (as a gnomon). 


A technical rule given in the form of an aphoristic verse. We have translated 
it when it is used with the latter meaning as “rule”. It can be contrasted 
with arya and karika both refering to the verse, in its metrical dimension. 


Sthana Place (for a digit or number). 


Sthanantaram A different place. The next place, to the right or to the left, 
according to the context, when considering the places in the decimal place- 
value notation. Maybe in the procedure for extracting the square root, an 
allusion to a different space where the successive digits of the partial square- 
root extracted are placed. 


Sthapana Placement. Disposition. Used as an alternative for nyasa “setting-down” , 
which specifies how a quantity or a geometrical field is represented on a work- 
ing surface. 


Sthulata The state of being rough. 


atyantasthülata The state of being exceedingly rough (said of an approximate 
value). 


Sphuta Correct, true. Used as a substitute for suksma in BAB.2.10. 
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Svapatalekha A literal translation would be: “the line on its own falling”. This 
expression names any of the two segments of a perpendicular in a trapezium, 
as illustrated in Figure 70, page 212. These two segments of the perpendicular 
(or lines, lekha@) are defined from the point of intersection of the diagonals to 
the middle of the earth and the mouth (the names of the parallel segment in 
a trapezium). The middle points of the parallel sides being each considered 
as the “falling” (pata) of the line. However such “lines” are segments of the 
mediator in isoceles trapeziums but not in uneven trapeziums. 


Ha 

Hata Multiplied. 

Hati Multiplication. Given as a synonym of samvarga in BAB.2.3ab. 
Hina Decreased. 

Hrta Divided. 

Hrti Division. Given as a synonym of bhaga in BAB.2.4. 


Hrasa Subtraction, diminution. 
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2 Peculiar and metaphoric expressions to 
name numbers 


The reference in parentheses indicates the first occurrence of the expression. 


Zero Kha, void; $ünya (BAB.2.32-33, ex. 14), viyad, void (idem, ex. 18), akasa, 
idem (idem, ex. 22); gagana, the sky (idem, ex. 26). 


One Indu, the moon (BAB.2.5, ex. 1); saganka, lit. “marked with a rabbit", the 
moon (BAB.2.32-33; ex. 14); udupa, the moon (idem, ex. 19); sttamsu, “with 
cold rays” i.e. the moon (idem, ex. 20); éitakirana, idem (idem, ex. 23); 
nisakara, “the maker of the night”, i.e. the moon (idem, ex. 24). 


Two Yama, a pair (BAB.2.4, ex. 1); asvin, name of the twin sons of the sun 
(BAB.2.5, ex. 1); netra the eyes (BAB.2.32-33, ex. 23); dasra, another name 
of the asvins (idem, ex. 26). 


Three Rama, there are three famous Ramas: the hero of the Ramayana, Balarama 
(Krsna’s brother) and Parasuràma (BAB.2.10, example 2). Dahana, fire, as 
there are three sacrificial fires (BAB.2.11, ex. 1); hutasana, idem; guna as 
the three qualities of all created things (truth/goodness for gods (sattva), 
matter/passions for men (rajas), darkness/ignorance for demons (tamas) 
(BAB.2.32-33, ex. 19); sikhin, fire (idem, ex. 23); bhuvana world, as the three 
worlds of god, men and demons (idem, ex. 24); puskara, a lake, there are 
three sacred lakes (idem). 


Three and a half. Ardhacaturthà the fourth (unit) is a half. 


Four Krta, the best of the four casts in a vedic dice game (BAB.2.5, ex.2); abdhi, 
ocean, it is considered that there are four oceans (BAB.2.5, ex.2); sagara, 
ocean (BAB.2.32-33, ex. 14); udadhi idem (idem, ex. 24). 


Five Sara, as the five arrows of Kama, the god of love (BAB.2.4; ex.1); visaya, 
lit. the objects of the senses (BAB.2.32-33, ex. 13); bhüta, the five elements 
(earth, air, fire, water and stone) (idem, ex.20); isu, arrow (idem, ex. 24); 
artha, as objects of the senses (idem, ex. 26). 


Six Rasa, perfume, taste. There are six tastes: katu (acrid), amla (sour, acid), 
madhura (sweet), lavana (saline), tikta (bitter) and kasaya (astringent, fra- 
gant); anga, as the six Vedargas (BAB.2.32-33, ex. 23); rtu a season, there 
are six seasons (idem). 


Seven Muni, a sage, there are seven great sages or seers (rs?) or maybe the 
seven stars of the constellation Ursa Major (BAB.2.5, ex. 10); naga, "that 
which does not move", a mountain, there are seven chains of mountains 
(BAB.2.5, ex.2); bhüdhara, “supporting the earth" mountains, (BAB.2.32- 
33, ex. 14); adri, mountains (BAB.2.16); ksonidhara, idem (BAB.2.32-33, ex. 
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23); ksamabhrt, a mountain (idem); adri, mountain (idem); svara, the seven 
notes that can constitute a raga (idem, ex. 26). 


Eight Vasu, a class of eight deities (BAB.2.5, ex.1); naga elephant; there are eight 
elephants symbolising the eight cardinal directions (East, West, South, North, 
South-east, South-west, North-east, North-west) (BAB.2.32-33, ex. 23). 


Nine Randhra, orifice; the nine orifices of the human body are: the two eyes, the 
two nostrils, the mouth , the two ears, the sex, the anus (BAB.2.5, ex. 2); 
chidra, idem (BAB.2.32-33, ex. 24); nanda either the nine treasures of Kubera 
or the nine brother-kings called “Nanda” (idem). 


Ten Pankti a verse with ten syllables in a quarter (BAB.2.9ab, ex.1). 


Eleven Siva, as the head of a group of eleven gods called collectively rudral?? 
(BAB.2.32-33, ex. 13). 


Fourteen Manu the fourteen successive manus, progenitors or sovereigns of the 
earth mentioned in the Manusmrti 1 63'8°. (BAB.2.9.ab. ex.1). 


Sixteen Asti a meter with sixteen syllables per quarter of verse (BAB.2.9.ab, ex. 
1) 


Eighteen Dhrti, name of a meter with eighteen syllables per quarter of verse 
(BAB.2.32-33, ex. 14). 


Nineteen Ekonavimsati, twenty minus one. 
Twenty-one Trisapta, three-(times)-seven (BAB.2.32-33, ex. 9). 
Twenty-five Sarakrti, the square of five. 


Fifty-nine Navaparica, lit. nine-five (BAB.2.32-33, ex. 9). 


3 Measure units 


3.1 Units of length 


Angula Smallest unit of length. Literally an arigula is a finger or a thumb. 
Nr Lit. à man. 1 nr = 96 angulas= 4 hastas. 
Yojana A measure of distance. 1 yojana — 800 nr. 


Hasta Lit. a hand or forearm. 24 angulas = 1 hasta. 


138For further information see [Doniger 1975; glossary, p.351] 
139See also [Doniger 1975; Glossary, p.347] 


3. Measure units 


Table 12: Units of length 
angula | hasta | nr | yojana 
angula 1 
hasta 24 
nr 96 1 
yojana | 76800 | 1200 | 800 1 


3.2 Measures of weight 


Karsa 4 karsas = 1 pala. 


Kuduva 1 kuduva = 4 setikas. 


Gunja 5 gunjas = 1 masaka. Used traditionaly by jewelers. 
Pala 4 karsas = 1 pala. 1 bhara = 2000 palas. 
Bhara 1 bhara = 2000 palas. 


Manaka 4 manakas = 1 setika. 


Masaka 5 gunjas = 1 masaka. 


Setika 1 setika = 4 manakas. 4 setikas =1 kuduva. 


Sauvarnika Equal to a karsa? Measure of weight specific to gold. 


Table 13: Units of weight 


Measures of Grain 


manaka | setika | kuduva 
manaka 1 | 
setika 4 1 | 
kuduva 16 4 1 | 
Measures of Gold 
gufja | masaka | karsa | pala | bhara 
gurnija 1 
masaka 5 1 
karsa/ sauvarnika 80 16 1 
pala 320 64 4 1 
bhara 640 000 | 128 000 | 8 000 | 2 000 1 


3.3 Coins 


223 


One name of a specific coin (dravya) is mentioned in the commentary, without 
any given value: dinara. 
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Rupaka Probably the ancestor of the rupee. 1 rupaka = 20 vimgopakas. 
Vim$opaka 20 vimsopakas = 1 rüpaka. 


3.4 Time units 


Ghatika One sixtieth of a day, half a muhurtta or twenty-four liptas. A ghatika 
originally is the name of a clay pot, and by extension became the name of a 
water pot used in measuring time, and especially the ghatikas of the day. 


Nadi or nadika A synonym of ghatika. Half a muhürtta, or 1/60th of a day. 
Muhürtta or Muhurta 1/30th of a day, roughly 48 minutes. 

Yama 1/8th of a day or 3 hours. 

Lipta Minute. 

Vinadika 1/60th of a nadi. 


Table 14: Divisions of the day 


dina | yama | muhurta | nadika | vinadika 
dina (a day) 1 8 30 60 3600 
yàma 1 3 + 3/4 | 7 + 1/2 450 
muhurta or muhürtta 1 2 120 
nadika, nadi or ghatika 1 60 
vinadika 1 


3.5 Subdivisions of a circle 


Raái A sign. 1/12th of the circumference of the circle. 
Lipta A minute. 1/3600th of the circumference. 

Kala A minute. 1/3600th of the circumference. 
Bhaga A degree. 1/60th of the circumference. 


4 Names of planets, constellations, zodiac signs 


The first occurrence of the name is indicated in between parenthesis. 


A$vini Name of a naksatra- roughly, a constellation-derived from the names of 
the twin vedic gods Asvin. Contains stars of what is called today the Taurus 
constellation. 
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Balance Tuladharanara, litt. the man holding a balance or balance holder 
(BAB.2.32-33, ex. 14). 


Earth Ku (Ab.2.1). 
Jupiter Guru, (Ab.2.1); adhirüdhamahendrasürau (BAB.2.32-33, ex. 17). 
Leo Mrgapati, lord of the beasts (Ab.2.32-33, ex. 7). 


Mars Kuja, born from the earth (Ab.2.1), medinihrdayaja, born in the heart of 
the earth (BAB.2.32-33, ex.16);arigaraka(B AB.2.32-33, ex. 23); bhauma “pro- 
duced from the earth" (idem). 


Mercury Budha (Ab.2.1). 


Moon Śaśin, lit. that which has a rabbit (Ab.2.1), candra, lit. that which is bright; 
candramas (BAB.2.32-33, ex.13); nisanatha, litt. lord of the night (idem, ex. 
14). 


Rahu tamomaya “made of darkness” (BAB.2.18, ex. 1). 
Saturn Kona, (Ab.2.1). 


Sagittarius Dhanu, bow (BAB.2.32-33 ex. 7); Dhanvin, the archer (BAB.2.32-33 
ex. 12). 


Sun Ravi (Ab.2.1), Maytkhamala, litt. wreathed with rays (BAB.2.1); sahasra- 
marica, “with a thousand rays" (BAB.2.16.); Sürya (BAB.2.32-33),savitr 
(Ab.2.32-33, ex. 7); bharttur divasasya, dinabhartturl^? “lord of the day” 
(idem, ex. 9); bhanu (a ray of light, by extension) (idem, ex.12) divasakara, 
litt. maker of days (idem. ex.13); arka, vedic ray of light (idem, ex.14); bhasvat 
“with lustre" (idem. ex. 19); tigma@msu, “with harsh rays” (idem, ex.21). 


Venus Bhrgu (Ab.2.1). 


5 Days of the week 


Appear in commentary to verses 32-22 


Monday Somadina (com. preceding Example 12). 


Wednesday (Mercury day) jñavāra, ratrehpatustanujadivasa, litt. the son of the 
protector of the night (the moon) (ex.12), budhadivasa (resolution of ex. 12). 


Thursday (Jupiter day) jtvavara (ex.12). 
Friday (Venus day) $ukravara (ex.12). 
Saturday (Saturn day) sanaiscarasya divasa (ex.14). 


Sunday (sun day) Süryadina (com. preceding Example 12). 


140Tn classical Sanskrit the word “lord” is usually written with one ‘t’: bhartur. This may be 
the trace of some dialectical writting or just a scribal error. 
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6 Gods and mythological figures 


They do not appear often in the text, however occasionally, in examples, numbers’ 
names and in the introductory verses, reference are made to some elements of 
Hindu Mythology. Therefore, we will briefly give some explanations on this topic. 


One thing to bear in mind is that roughly the three major gods of Hinduism 
are Brahma (the creator and grandfather), Siva (the destroyer) and Visnu (the 
preserver). Visnu has eleven incarnations (avatara). Brahma, a masculine noun (in 
the nominative case) is the god; when a neutral noun, brahman, it is a philosophical 
concept!4!. Aryabhata was a worshiper of Brahma, a fact quite rare in India today, 
Bhaskara was a worshiper of Siva, as the first verse introducing the ganitapada 
seems to indicate. 


Krsna Is the 8th avatara of Visnu. 


Brahma The “Lotus-Born” (Kamalodbhava), Brahma is said to be born from a 
lotus growing out of Visnu’s navel (BAB.introduction to Ab.2). 


The “Creator” (vedhas); Svayambhü, litt. self-existent or self-created; gives 
the name to the Svayambhuvasidhanta(BAB.2.1). 


Ka, lit. ^who?", would have arisen from the interpretation of a vedic verse: 
‘Who (ka) knows whence this creation was born?’, later interpreted as: ‘(The 
god) ka knows whence this creation was born.’ !? 


Rahu The demon of eclipses. He is thought to swallow the moon or part of it 
during an eclipse. 


7 Cardinal directions 


North Uttara. 
South Daksina (at the right). 
East Purva, purastat (in front). 


West Apara, paécad (the last). 


141 The essence of all things, the absolute see [Biardeau 1981; p.24-28, and glossaire, p. 183] 
142See [Doniger 1975; p. 139, note 2] 
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